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' Abstract. We study the asymptotic properties of eigenfunctions of the Laplacian in the case 

^ of a compact Riemannian surface of Anosov type. We show that the Kolmogorov-Sinai entropy 

, of a semiclassical measure fi for the geodesic fiow is bounded from below by half of the Ruelle 

?T ' upper bound, i.e. 
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Q^|■Ks{^J■,g)> - I x (p)'iiJ.ip). 
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In quantum mechanics, the semiclassical principle asserts that in the high energy limit, one 
should observe classical phenomena. Our main concern will be the study of this property when 
• the classical system is said to be chaotic. 

I Let M be a compact C°° Riemannian surface. For all x S M, T*M is endowed with a norm 

given by the metric over M. The geodesic flow over T*M is defined as the Hamiltonian flow 
corresponding to the Hamiltonian H{x, ^) :— J^^. This last quantity corresponds to the classical 
kinetic energy in the case of the absence of potential. As any observable, this quantity can be 

^ i quantized via pseudodifferential calculus and the quantum operator corresponding to H is — 

' where h is proportional to the Planck constant and A is the Laplace Beltrami operator acting on 

rn \ L^{M). 

Our main result concerns the influence of the classical Hamiltonian behavior on the spectral as- 
ymptotic properties of A. More precisely, our main interest is the study of the measure \iph(x)\'^dx 
I where tpn is an eigenfunction of — associated to the eigenvalue i, i.e. 

This is equivalent to the study of large eigenvalues of A. As M is a compact Riemannian manifold, 
the family —h~^ forms a discrete subsequence that tends to infinity. One natural question is to 
study the (weak) limits of the probability measure \^h{x)\'^dx as h tends to 0. This means studying 
the asymptotic behavior of the probability to find a particle in x when the system is in the state ipn- 
In order to study the infiuence of the Hamiltonian fiow, we first need to lift this measure to the 
cotangent bundle. This can be achieved thanks to pseudodifferential calculus. In fact there exists 
a procedure of quantization that gives us an operator Op;j(a) on the phase space L^(M) for any 
observable a(a;,^) in a certain class of symbols. Then a natural way to lift the previous measure 
is to define the following quantity: 

mio)^ / a{x,S,)d^i.h{x,C) {'>l^h,OVh{0')'<Ph)L^(M)■ 
JT'M 

This formula gives a distribution on the space T*M and describes now the distribution in 
position and velocity. 

Let {^hk) be a sequence of orthonormal eigenfunctions of the Laplacian corresponding to the 
eigenvalues — ft^^ such that the corresponding sequence of distributions on T*M converges as 
k tends to infinity to a Hmit ^. Such a Hmit is called a semiclassical measure. Using standard 
facts of pseudodifferential calculus, it can be shown that is a probability measure that does not 
depend on the choice of the quantization Op^ and that is carried on the unit energy layer 

S*M:^{{x.,0:H{x,C}^\ 
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Moreover, another result from semiclassical analysis, known as the Egorov property, states that 
for any fixed t, 

(1) Va e C^{T*M), [/-*Op,,(a)C/* = Op,(a og*) + Ot{h), 

where C/* denotes the quantum propagator e^^. Precisely, it says that for fixed times, the 
quantum evolution is related to the classical evolution under the geodesic fiow. From this, it 
can be deduced that ^ is invariant under the geodesic flow. One natural question to ask is what 
measures supported on S*M are in fact semiclassical measures. The corresponding question in 
quantum chaos is: when the classical behavior is said to be chaotic, what is the set of semiclassical 
measures? A first result in this direction has been found by Shnirelman [S^, Zelditch [3^, Colin 
de Verdiere [11]: 

Theorem 1.1. Let {tpk) be an orthonormal basis of L^{M) composed of eigenfunctions of the 
Laplacian. Moreover, suppose the geodesic flow on S*M is ergodic with respect to Liouville mea- 
sure. Then, there exists a subsequence {lJ^k.p)p of density one that converges to the Liouville measure 
on S*M as p tends to infinity. 

By 'density one', we mean that -tt{p ■ 1 < kp < n} tends to one as n tends to infinity. This 
theorem states that, in the case of an ergodic geodesic fiow, almost all eigenfunctions concentrate 
on the Liouville measure in the high energy Hmit. This phenomenon is called quantum ergodicity 
and has many extensions. The Quantum Unique Ergodicity Conjecture states that the set of 
semiclassical measures should be reduced to the Liouville measure in the case of Anosov geodesic 
fiow [30]. This question still remains widely open. In fact, in the case of negative curvature, there 
are many measures invariant under the geodesic fiow: for example, there exists an infinity of closed 
geodesies (each of them carrying naturally an invariant measure). In recent papers, Lindenstrauss 
proved a particular form of the conjecture, the Arithmetic Quantum Unique Ergodicity [27] . 
Precisely, he proved that for a sequence of Hecke eigenfunctions of the Laplacian on an arithmetic 
surface, li/'pda; converges to the Lebesgue measure on the surface. This result is actually the 
best-known positive result towards the conjecture. 

In order to understand the phenomenon of quantum chaos, many people started to study toy 
models as the cat map (a typical hyperboHc automorphism of T^). These dynamical systems 
provide systems with similar dynamical properties to the geodesic fiow on a manifold of negative 
curvature. Moreover, they can be quantized using Weyl formalism and the question of Quantum 
Ergodicity naturally arises. For example, Bouzouina and de Bievre proved the Quantum Ergodicity 
property for the quantized cat map However, de Bievre, Faure and Nonnenmacher proved 
that in this case, the Quantum Unique Ergodicity is too optimistic [18]. In fact, they constructed 
a sequence of eigenfunctions that converges to ^{So + Leb), where i5o is the Dirac measure on 
and Leb is the Lebesgue measure on T^. Faure and Nonnenmacher also proved that if we 
split the semiclassical measure into its pure point, Lebesgue and singular continuous components, 
M = Mpp + MLeb + A^sc, then /ipp(T^) < ^LehO^^) and in particular /ipp(T^) < 1/2 \19]. As in the case 
of geodesic fiow, there is an arithmetic point of view on this problem. Recently, Kelmer proved 
that in the case of T'^'' (d > 2, for a generic family of symplectic matrices), either there exists 
isotropic submanifold invariant under the 2d cat map or one has Arithmetic Quantum Unique 
Ergodicity [25]. Moreover, in the first case, he showed that we can construct semiclassical measure 
equal to Lebesgue on the isotropic submanifold. 

1.1. Statement of the main result. In recent papers [2], [5], Anantharaman and Nonnenmacher 
got concerned with the study of the locaHzation of eigenfunctions on M as in the case of the toy 
models. They tried to understand it via the Kolmogorov-Sinai entropy. This paper is in the same 
spirit and our main result gives an information on the set of semiclassical measures in the case 
of a surface M of Anosov type. More precisely, we give an information on the localization (or 
complexity) of a semiclassical measure: 
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Theorem 1.2. Let M be a C°° Riemannian surface and a semiclassical measure. Suppose the 
geodesic flow {g^)t has the Anosov property. Then, 

1 



(2) hKs{fi,g)>^ 



log r{p)dp{p) 

S'M 



where J"{p) is the unstable Jacobian at the point p. 

We recall that the lower bound can be expressed in term of the Lyapunov exponent |7| as 

(3) hKs{p.,g)> \ I x^{p)dp{p), 

^ J S'M 

where x^{p) is the upper Lyapunov exponent at the point p [7j. In order to comment this result, let 
us recall a few facts about the Kolmogorov-Sinai (also called metric) entropy. It is a nonnegative 
number associated to a flow g and a g-invariant measure /i, that estimates the complexity of [i 
with respect to this flow. For example, a measure carried by a closed geodesic will have entropy 
zero. In particular, this theorem shows that the support of a semiclassical measure cannot be 
reduced to a closed geodesic. Moreover, this lower bound seems to be the optimal result we can 
prove using this method and only the dynamical properties of M. In fact, in the case of the toy 
models some of the counterexamples that have been constructed (see [18], [25], [22]) have entropy 

equal to - / x'^ {p)dp{p)- Recall also that a standard theorem of dynamical systems due to 

2 J S'M 

Ruelle [3^ asserts that, for any invariant measure ^ under the geodesic flow. 



(4) hKs{p,g)< / X'^{p)dp{p) 

J S'M 

with equality if and only if is the Liouville measure in the case of an Anosov flow |26j . 
The lower bound of theorem 11.21 was conjectured to hold for any semiclassical measure for an 
Anosov manifold in any dimension by Anantharaman p]- In fact, Anantharaman proved that 
in any dimension, the entropy of a semiclassical measure should be bounded from below by a 
(not really explicit) positive constant [2]. Then, Anantharaman and Nonnenmacher showed that 
inequality ([3]) holds in the case of the Walsh Baker's map |4j and in the case of constant negative 
curvature in all dimension [5] . In the general case of an Anosov flow on a manifold of dimension 
d, Anantharaman, Koch and Nonnenmacher [3] proved a lower bound using the same method: 

hKs{p,g) > / J2xt{p)dp{p) il^^^. 

J S' AI j—i 

where Xmax linit^±oo 7 logsuppgg.j^,/ \dpg*\ is the maximal expansion rate of the geodesic flow 
and the X^'s are the positive Lyapunov exponents [7]. In particular if Amax is very large, the 
previous inequality can be trivial. However, they conjectured inequality ^ should hold in the 
general case of manifolds of Anosov type by replacing x+ by the sum of nonnegative Lyapunov 
exponents [5], [3]. Our main result answers this conjecture in the particular case of surfaces of 
Anosov type and our proof is really speciflc to the case of dimension 2. Now let us discuss briefly 
the main ideas of our proof of theorem 11.21 



1.2. Heuristic of the proof. The procedure developed in [3] uses a result known as the entropic 
uncertainty principle [28J. To use this principle in the semiclassical limit, we need to understand 
the precise link between the classical evolution and the quantum one for large times. Typically, 
we have to understand Egorov theorem ^ for large range of times of order t ~ | log h\ (i.e. 
have a uniform remainder term of ^ for a large range of times). For a general symbol a in 
C^{T*M), we can only expect to have a uniform Egorov property for times t in the range of times 
[— ^1 log /Amax, 5 1 log ?i| /Amax] [9]. However, if we only consider this range of times, we do not 
take into account that the unstable jacobian can be very different between two points of S*M. 
In this paper, we would like to say that the range of times for which the Egorov property holds 
depends also on the support of the symbol a(x,^) we consider. For particular families of symbol 
of small support (that depends on H), we show that we have a 'local' Egorov theorem with an 
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allowed range of times that depends on our symbol (see l(65l) for example) . To make this heuristic 
idea work, we first try to reparametrize the fiow [T2j in order to have a uniform expansion rate on 
the manifold. We define g^{p) ■= g*{p) where 

(5) t:=- f log r{g'p)ds. 

Jo 

This new flow g has the same trajectories as g. However, the 'velocity of motion' along the 
trajectory at p is | log J" (p) [-greater for 5 than for g. We underline here that the unstable direction 
is of dimension 1 (as M is a surface) and it is crucial because it implies that log J" exactly measures 
the expansion rate in the unstable direction at each poin10. As a consequence, this new flow g has 
a uniform expansion rate. Once this reparametrization is done, we use the following formula to 
recover t knowing r: 



(6) ^(p)=inf<^s> 



: - ^ log J"(/p)rfs' > r| 



The number trip) can be thought of as a stopping time corresponding to p. We consider now 
T = i I log h\ . For a given symbol a{x, ^) localized near a point p, i 1 1 ^ (p) is exactly the range of 
times for which we can expect Egorov to hold. This new flow seems in a way more adapted to our 
problem. Moreover, we can deflne a g-invariant measure JI corresponding to p \12\. The measure 
Jl is absolutely continuous with respect to p and verifles ^(p) = log J"(p)/ Jg,j^ log J'^{p)dp{p). 
We can apply the classical result of Abramov 



IKS 



{P, 9) 



log r{p)dp{p) 



IKS 



iP,9)- 



To prove theorem 1 1.21 we would have to show that hKs{p,g) > 1/2. However, the flow g has no 
reason to be a Hamiltonian flow to which corresponds a quantum propagator U. As a consequence, 
there is no particular reason that this inequality should be a consequence of [5]. In the quantum 
case, there is also no obvious reparametrization we can make as in the classical case. However, 
we will reparametrize the quantum propagator starting from a discrete reparametrization of the 
geodesic flow and by introducing a small parameter of time 77. To have an artiflcial discrete 
reparametrization of the geodesic flow, we will introduce a suspension set [12]. Then, in this 
setting, we will deflne discrete analogues of the previous quantities |[5| and ^ that will be precised 
in the paper. It will allow us to prove a lower bound on the entropy of a certain reparametrized 
flow and then using Abramov theorem [l] deduce the expected lower bound on the entropy of a 
semiclassical measure. 

Finally, we would like to underline that in a recent paper [22], Gutkin also used a version of the 
Abramov theorem to prove an analogue of theorem ll.2l in the case of toy models with an unstable 
direction of dimension 1. 



1.3. Extension of theorem I1.2L Finally, we would like to discuss other classes of dynamical 
systems for which it could be interesting to get an analogue of theorem ll.2l For instance, regarding 
the counterexamples in [23], it would be important to derive an extension of theorem ll.2l to ergodic 
billiards. A flrst step in this direction should be to study the case of surfaces of nonpositive 
curvature. For the sake of simplicity, we will not discuss the details of this extension in this article 
and refer the reader to [29] for a more detailled discussion. However, we would like to point out 
that surfaces of nonpositive curvature share enough properties with Anosov manifolds so that this 
extension should not be so surprising. First, one can introduce a new quantity that replaces the 
unstable Jacobian in our proof. This quantity comes from the study of Jacobi flelds and is called 



In fact, for the Anosov case, the crucial point is that at each point p of S*M, the expansion rate is the same 
in any direction, i.e. cfSj^uj^ipj is of the form J^{p) ''-^ Vp where d is the dimension of the manifold M and Vp 
is an isometry. The proof of theorem 11.21 can be immediately adapted to Anosov manifolds of higher dimensions 
satisfying this isotropic expansion property (for example manifolds of constant negative curvature). 
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the unstable Riccati solution U'^{p) ^2], [E]. In this setting, it has been shown that the Ruelle 
inequality can be rewritten as follows [20]: 



JS'M 

So, a natural extension of theorem II .21 would be to prove that, for a smooth Riemannian surface 
M of nonpositive sectional curvature and a semiclassical measure /i. 



In particular, this result would show that the support of a semiclassical measure cannot be re- 
duced to a closed unstable geodesic. We underline that this inequality is also coherent with the 
quasimodes constructed by Donnelly [14]. In fact, his quasimodes are supported on closed stable 
geodesies (included in flat parts of a surface of nonpositive curvature) and have zero entropy. We 
can make a last observation on the assumptions on the manifold: it is not known whether the 
geodesic flow is ergodic or not for the Liouville measure on a surface of nonpositive curvature. The 
best result in this direction is that there exists an open invariant subset U of positive Liouville 
measure such that the restriction g\u is ergodic with respect to Liouville [7]. So, the entropic 
properties of semiclassical measures still seem to hold for weakly chaotic systems. 
We would like to highlight what are the speciflc properties of surfaces of nonpositive curvature 
that can be exploited to get inequality ([7]). A crucial property that is used in the proof of the- 
orem 11.21 is that there exist continuous stable and unstable foliations. This property was already 
at the heart of [2], [S] and [3]. Another property that is crucially used is the fact that Anosov 
manifolds have no conjugate points. A nice fact about manifolds of nonpositive curvature is that 
these two properties remain true with the notable difference that the stable and unstable manifolds 
are not anymore uniformly transverse. Our main affirmation is that these two properties are the 
crucial dynamical properties that make the different proofs from ^ and this article work. In 
particular, one can use results about uniform divergence of vanishing Jacobi fields [32j to derive 
the main inequality from (section 3 of this reference) . We do not give the points that need to 
be modified and refer the reader to [29J for a more detailed discussion. Another notable difference 
with the present article relies on the introduction of a thermodynamical setting at the quantum 
level as in [5] and [3j to get optimal estimates with the uncertainty principle [29j . 

Remark. One could also ask whether it would be possible to extend this result to surfaces without 
conjugate points. In fact, these surfaces also have a stable and unstable foliations (and of course 
no conjugate points). Moreover, according to Green [21] and Eberlein [15], the Jacobi fields also 
satisfy a property of uniform divergence (at least in dimension 2) . The main difficulty is that the 
continuity of the stable and unstable foliations is not true anymore [6j and at this point, we do 
not see any way of escaping this difficulty. 

1.4. Organization of the paper. In section [21 we briefiy recall properties we will need about 
entropy in the classical and quantum settings. In particular, we recall the version of Abramov 
theorem we will need. In section O we describe the assumptions we make on the manifold M and 
introduce some notations. In section [H we draw a precise outline of the proof of theorem 11.21 and 
state some results that we will prove in the following sections. Sections [5] and [6] are devoted to the 
detailed proofs of the results we admitted in section [H Sections [7] and appendix [A] are devoted to 
results of semiclassical analysis that are quite technical and that we will use at different points of 
the paper (in particular in section [6]) . 

Acknowledgments. First of all, I am very grateful to my advisor Nalini Anantharaman for her 
time and her patience spent to teach me so many things about the subject. I also thank her 
for having read carefully preliminary versions of this work and for her support. I would also 
like to thank warmly Stephane Nonnenmacher for enlightening explanations about semiclassical 
analysis and more generally for his encouragement. I am grateful to Herbert Koch for helpful 
and stimulating suggestions about the application of the entropic uncertainty principle. Finally, 





(7) 




6 



G. RIVIERE 



I would like to thank the anonymous referees for precious comments and suggestions to improve 
the presentation of this article. 

2. Classical and quantum entropy 

2.1. Kolmogorov-Sinai entropy. Let us recall a few facts about Kolmogorov-Sinai (or metric) 
entropy that can be found for example in [35]. Let (X, B, fi) be a measurable probability space, / a 
finite set and P := {Pa)aei a finite measurable partition of X, i.e. a finite collection of measurable 
subsets that forms a partition. Each Pa is called an atom of the partition. Assuming OlogO — 0, 
one defines the entropy of the partition as 

(8) H{^i,P):=-Y,KPa)\og^i{Pa)>0. 

Given two measurable partitions P :— {Pa)aei and Q :— iQi3)i3£K, one says that P is a refinement 
of Q if every element of Q can be written as the union of elements of P and it can be shown that 
H{p, Q) < H{^, P). Otherwise, one denotes P V Q := {Pa H Qf3)a^i,f}^K their join (which is still 
a partition) and one has H{^, -P V Q) < P) + i?(/i, Q) (subadditivity property). Let T be a 
measure preserving transformation of X. The n-refined partition V"Jq^T~'P of P with respect to 
T is then the partition made of the atoms (Pqq n • • • ^T^'^"-^^'' Pa^_^)aei^ ■ We define the entropy 
with respect to this refined partition 

(9) H^{iJi,T,p) = - A^(-Paon---nT-("-i)p„„_Jiog^(p„„n---nT-("-i)p„„_J. 

\a\—n 

Using the subadditivity property of entropy, we have for any integers n and m, 

(10) i/„+™(A*, T, P) < Hnifi, T, P) + i?™(r"tt^, T, P) = Hn{^i, T, P) + H„,{ti, T, P). 

For the last equality, it is important to underline that we really use the T-invariance of the measure 
/i. A classical argument for subadditive sequences allows us to define the following quantity: 

(11) hKsi^^,T,P)■.= lim 

It is called the Kolmogorov Sinai entropy of (T, ^) with respect to the partition P. The Kol- 
mogorov Sinai entropy hKsip, T) of (/i, T) is then defined as the supremum of hKsip-i T, P) over 
all partitions P of X. Finally, it should be noted that this quantity can be infinite (not in our 
case thanks to Ruelle inequality (0]) for instance). Note also that if, for all index (ao, ■ • ■ , an-i), 
^l{Pa„ n • • • n r-("~i)Pa„_J < Ce"'^" with C positive constant, then kKsifJ-^T) > 13: the metric 
entropy measures the exponential decrease of the atoms of the refined partition. 

2.2. Quantum entropy. One can defined a quantum counterpart to the metric entropy. Let 
Ti be an Hilbert space. We call a partition of identity (tq)^^/ a finite family of operators that 
satisfies the following relation: 

(12) ^TX=Id«. 

Then, one defines the quantum entropy of a normalized vector ij: as 

(13) hr{i^) :=-^||T„Vf log||T„Vf . 

Finally, one has the following generalization of a theorem from [5] (the proof immediately gener- 
alizes to this case), known as the entropic uncertainty principle |28) : 

Theorem 2.1. Let Op he a family of hounded operators and U a unitary operator of an Hilhert 
space (7i, ||.||). Let S' he a positive numher. Given {Ta)aei ond {'^i3)peK two partitions of identity 
and ^ a vector in Ti. of norm 1 such that 

\\{Id-Of3)Trf3ij\\<S'. 
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Suppose both partitions are of cardinal less than JV, then 

hr(UtP) + h^itl;) > -2\og{co(U)+m'), 
where co{U) = mayi ^ {\\TalJ TT*fjO , with \\TaU-K*pOi3\\ the operator norm in H. 

2.3. Entropy of a special flow. In the previous papers of Anantharaman, Koch and Nonnen- 
macher (see [3] for example), the main difficulty that was faced to prove main inequality ([2]) was 
that the value of log J"(p) could change a lot depending on the point of the energy layer they 
looked at. As was mentioned (see section [L2|) . we will try to adapt their proof and take into 
account the changes of the value of log J"(p). To do this, we will, in a certain way, reparametrize 
the geodesic flow. Before explaining precisely this strategy, let us recall a classical fact of dynam- 
ical system for reparametrization of measure preserving transformations known as the Abramov 
theorem. 

First, let us define a special fiow (see [l], p^). Let {X,B,fi) be a probability space, T an auto- 
morphism of X and / a measurable function such that f{x) > a > for all x in X . The function 
/ is called a roof function. We are interested in the set 

(14) X := {{x,s) : X e X,0 < s < f (x)}. 

X is equipped with the cr-algebra by restriction of the cr-algebra on the cartesian product X x R. 
For A measurable, one defines Jl{A) := j / d^{x)ds and JiiX) = 1. 

Deflnition 2.2. The special flow under the automorphism T, constructed by the function / is 
the flow (T ) that acts on X in the following way, for t > 0, 

r"x,s + <-^/(r'^ 

fc=0 



where n is the only integer such that / (T'^x) < s + t < / (T'^x) 



n-l 

fc=0 k=0 

For t < 0, one puts, if s -f < > 0, 

T {x, s) := (x, s + t) , 



and otherwise. 



T* (x, s) := ( T-"x, s + t + 



1 



where n is the only integer such that — 2, f iT^x) < s + t < 




Remark. A suspension semi-flow can also be deflned from an endomorphism. 

It can be shown that this special flow preserves the measure Jl if T preserves fi ^2]. Finally, 
we can state Abramov theorem for special flows p]: 

Theorem 2.3. With the previous notations, one has, for all t e M.- 
(16) Hks (t\'P^ = Y^-J^^KS {T,iJ,) . 

3. Classical setting of the paper 

Before starting the main lines of the proof, we want to describe the classical setting for our 
surface M and introduce notations that will be useful in the paper. We suppose the geodesic 
flow over T*M to have the Anosov property for the flrst part of the paper. This means that for 
any A > 0, the geodesic flow is Anosov on the energy layer £{X) := H^^{X} C T*M and in 
particular, the following decomposition holds for all p € ^^(A): 

TpSiX) = E'''{p)0E'ip)®RXHip), 
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where Xh is the Hamiltonian vector field associated to the unstable space and i?* the 

stable space jTO]. It can be denoted that in the setting of this article, they are all one dimensional 
spaces. The unstable Jacobian J"{p) at the point p is defined as the Jacobian of the restriction 
of to the unstable subspace E'^{g^p): 

For 6 small positive number (9 will be fixed all along the paper), one defines 

■.= H-^{]l/2-e,l/2 + e[). 
As the geodesic fiow is Anosov, we can suppose there exist < < 5o such that 

VpGf^ ao < -logJ"(p) <6o. 

Remark. In fact, in the general setting of an Anosov fiow, we can only suppose that there exists 
/co G N such that det (^dg~^"^^^g < 1 for all p E £^ . So, to be in the correct setting, we should 
take .g'^o instead of g in the paper. In fact, as hKsi^J-, g''") — kotiKsifJ^g) and 

log det ((^S'lls'l^-cop)) Mp) = ^'^o^^.j^/^Sdet (d5|£^gip)) dp{p), 

theorem 11.21 follows for kg ~ 1 from the case ko large. However, in order to avoid too many 
notations, we will suppose ko — 1. 

We also fix e and rj two small positive constants lower than the injectivity radius of the manifold. 
We choose 77 small enough to have (2 + ^)&o?7 < f (this property will only be used in the proof 
of lemma 14. ip . We underline that there exists e > such that if 

V {p,p')e£' xS'', d{p,p')< epilog J^{p)~ log J''{p')\<aoe. 

Discretization of the unstable Jacobian. As was already mentioned, our strategy to prove 
theorem 11.21 will be introduce a discrete reparametrization of the geodesic fiow. Regarding this 
goal, we cut the manifold M and precisely, we consider a partition M — LliLi of diameter 
smaller than some positive S. Let {i^i)fLi be a finite open cover of M such that for all 1 < i < i^, 
Oi C n,. For 7 £ {1, ■ • • , define an open subset of T*M: 

:= {T*n^„ n g-'^m^j n 

We choose the partition (Oi)f£i and the open cover (i^Oili of M such that (?7^)-yg{i ... is a 
finite open cover of diameter sm alleiS than e of £^ . Then, we define the following quantity, called 
the discrete Jacobian in time 77: 

(17) J^(7) :=sup{J"(p) :pe t/^}, 

if the previous set is non empty, e~''° otherwise. Outline that J^ij) depends on rj as U-^ depends 
on 71 . The definition can seem quite asymmetric as we consider the supremum of J^{p) and not 
of J^{p). However, this choice makes things easier for our analysis. 

Finally, let a = (ao: cti, • • • ) be a sequence (finite or infinite) of elements of {1, • • • , K} whose 
length is larger than 1 and define 

(18) /+(a) := -Tylog J,^(ao,ai) < 7760 < |, 

where the upper bound follows from the previous hypothesis. We underline that, for 7 = (70,71), 
we have 

(19) V p e C/^, |/+(7) +77log J"(p)| < aove. 

Remark. This last inequality shows that even if our choice for ^^(7) seems quite asymmetric, it 
allows to have an explicit bound in 77 for quantity (fT9|) and it will be quite useful. With a more 
symmetric choice, we would not have been able to get an explicit bound in rj for (fT9l) . 

^In particular, the diameter of the partition 5 depends on d and e. 
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In the following, we will also have to consider negative times. To do this, we define the analogous 
functions, for /3 := (• • ■ ,/3_i,/3o) of finite (or infinite) length, 

/_(/?) :=/(/3_i,/?o). 

Remark. Let a and f3 be as previously (finite or infinite) . For the sake of simplicity, we will use 
the notation 

P.a :=(••• ,^_i,/3o,ao,ai, ' ' •)• 
The same obviously works for any sequences of the form (• ■ • , Pp-i,(3p) and {aq, aq+i, ■ ■ ■). 

4. Outline of the proof 

Let {^phk ) be a sequence of orthonormal eigenfunctions of the Laplacian corresponding to the 
eigenvalues — l/Kf,"^ such that the corresponding sequence of distributions ^fe on T*M converges as 
k tends to infinity to the semiclassical measure n. For simplicity of notations and to fit semiclassical 
analysis notations, we will denote h tends to the fact that k tends to infinity and V'R and hr"^ 
the corresponding eigenvector and eigenvalue. To prove theorem 11.21 we will in particular give a 
symbolic interpretation of a semiclassical measure and apply the previous results on special flows 
to this measure. 

Let e' > 4e be a positive number, where e was defined in section [31 The link between the two 
quantities e and e' will only be used in section [7] to define v. In the following of the paper, the 
Ehrenfest time nE{fi) will be the quantity 

(20) nE{h):^[{l~e')\\ogh\]. 

We underline that it is an integer time and that, compared with usual definitions of the Ehrenfest 
time, there is no dependence on the Lyapunov exponent. We also consider a smaller non integer 
time 

(21) TE{h):^{l-t)nE{h). 

4.1. Quantum partitions of identity. In order to find a lower bound on the metric entropy of 
the semiclassical measure /j,, we would like to apply the entropic uncertainty principle (theorem l2.ip 
and see what informations it will give (when h tends to 0) on the metric entropy of the semiclassical 
measure ^. To do this, we define quantum partitions of identity corresponding to a given partition 
of the manifold. 

4.1.1. Partitions of identity. In section [3l we considered a partition of small diameter {Oi)f^-^ 
of M . We also defined a corresponding finite open cover of small diameter of M . By 
convolution of the characteristic functions loi, we obtain V = {Pi)i^i ^ a smooth partition of 
unity on M i.e. for all x € M, 

i=l 

We assume that for a\\ 1 < i < K , Pi is an element of C'^(Q.i). To this classical partition 
corresponds a quantum partition of identity of L'^{M). In fact, if Pi denotes the multiplication 
operator by Pi{x) on L'^{M), then one has 

K 

(22) ^Z^*/', =Idi2(M). 

i=l 

4.1.2. Refinement of the quantum partition under the Schrddinger flow. Like in the classical setting 
of entropy |[9]), we would like to make a refinement of the quantum partition. To do this refinement, 
we use the Schrodinger propagation operator C/* = e^T~. We define A{t) :— U~*AU*, where A is 
an operator on L'^{M). To fit as much as possible with the metric entropy (see definition ([9]) and 
Egorov property ([l])), we define the following operators: 

(23) = Pa,{kv) ■ ■ ■ Pc^iv)Pao 
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and 

(24) irp = • ■ ■ P0_,{~2T^)Pp,Pp_,{~i^), 

where a — {a^, • • • , at) and /3 — {13-k, ■ ■ ■ , Po) are finite sequences of symbols such that aj G [1, K] 
and (3-j S [1,^]- We can remark that the definition of irp is the analogue for negative times of 
the definition of Ta- The only difference is that we switch the two first terms (3o and f3-i. The 
reason of this choice will appear later in the application of the quantum uncertainty principle (see 
equality (|4T|) in section [573]) . One can see that for fixed k, using the Egorov property |(T|), 

(25) llPaJfcr?) ■ --PcMPcoM^ ^ f^iPL^g"'' x---Plog^x Pi) as H tends to 0. 

This last quantity is the one used to compute hKs{l^i9^) (with the notable difference that the Pj 
are here smooth functions instead of characteristic functions: see ([9])). As was discussed in the 
heuristic of the proof fOl we will have to understand for which range of times kr], the Egorov 
property can be be applied. In particular, we will study for which range of times, the operator Tq, 
is a pseudodifferential operator of symbol Pq^. o g^"^ x • • ■ P^.^ o x P^^ (see l|25p ). In [5] and [3], 
they only considered kr] < \ logfi,|/Ainax where Amax := linit-^±oo j ^ogsupp^g.j^.j \dpg^\. This choice 
was not optimal and in the following, we try to define sequences a for which we can say that Tq 
is a pseudodifferential operator. 

4.1.3. Index family adapted to the variation of the unstable Jacobian. Let a = (ao, ai, • • ■ ) be a 
sequence (finite or infinite) of elements of {1, • ■ • , K} whose length is larger than 1. We define a 
natural shift on these sequences 

(T+((ao,ai,---)) := (ai,'")- 
For negative times and for (3 :— {■ ■ ■ , /3o), we define the backward shift 

a_((--- ,/3-i,/?o)) :=(•■• ,/3_i). 

In the paper, we will mostly use the symbol x for infinite sequences and reserve a and /3 for finite 
ones. Then, using notations of section [3] and as described in section [H index families depending 
on the value of the unstable Jacobian can be defined as follows: 

{fc-2 fc-1 
(ao, • • ■ , afc) : fc > 3, ^ /+ «a) < TE{h) < ^ /+ «a) , 
i=l i=l ) 

{fc-2 fc-1 ~) 

(/3_fc, • • • , /3o) : fc > 3, ^ /_ {al0) < TE{h) < ^ /_ (a!./3) . 
1=1 i=l J 

We underline that we will consider any sequence of the previous type and not only sequences for 
which Ua is not empty. These sets define the maximal sequences for which we can expect to have 
Egorov property for the corresponding Ta- The sums used to define these sets are in a way a 
discrete analogue of the integral in the inversion formula ^ defined in the introductioiH. The 
sums used to define the allowed sequences are in fact Riemann sums (with small parameter 77) 
corresponding to the integral ([5]). We can think of the time \a\r] as a stopping time for which 
property l|25p will hold (for a symbol corresponding to a). 
A good way of thinking of these families of words is by introducing the sets 

E+ := {1, • ■ • , K}^ and :- {1, • ■ • , K}-^\ 

We will see that the sets P{h) (resp. K^{h)) lead to natural partitions of S (resp. S-). In the 
following, it can be helpful to keep in mind picture[TJ On this figure, we draw the case K — A. The 
biggest square has sides of length 1. Each square represents an element of P{h) and each square 
with sides of length 1/2'' represents a sequence of length fc + 1 (for fc > 0). If we denote C(a) 
the square that represents a, then we can represent the sequences a. 7 for each 7 in {1, • • • ,4} 
by subdividing the square C(a) in 4 squares of same size. Finally, by definition of P{K), we can 
remark that if 01.7 is represented in the subdivision (for 7 in {1, ■ • ■ ,4}), then a. 7' is represented 



^In the higher dimension case mentioned in the footnote of section FOl we should take {d — 1)Te{K) (where d is 
the dimension of M) instead of Te{K) in the definition of I^(ti) and K^(h). 
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in the subdivision for each 7' in {!,•■• ,4}. FamiHes of operators can be associated to these 



C{11) 



C{12) 



C{31) 



C{4?1) 



Figure 1. Refinement of variable size 

families of index: {Ta)aei^{h) and (Tr/j)^^;^ 1,(^1). One can show that these partitions form quantum 
partitions of identity (see section [5|, i.e. 

t*Tq = IdL2(jv/) and ^ tt^tt/j = IdL2(M)- 

4.2. Symbolic interpretation of semiclassical measures. Now that we have defined these 
partitions of variable size, we want to show that they are adapted to compute the entropy of a 
certain measure with respect to some reparametrized flow associated to the geodesic flow. To do 
this, we start by giving a symbolic interpretation of the quantum partitions. Recall that we have 
denoted E+ ;= {1, • ■ • We will also denote C; the subset of sequences (x„)„gN such that 

xq = i. Define also 

[ao, • • • , ak] Cao n • ■ • n a^'^Ca^ , 
where (t_|_ is the shift f7+((a;„)„gN) = (a;n+i)nGN (it fits the notations of the previous section). The 
set is then endowed with the probability measure (not necessarily ct- invariant): 

(["0, • ■ • , ak]) = /i^ (C„„ n • • • n a;^-C„ J = ||P«,(fc77) • ■ • P„„^An||'. 

Using the property l|12p . it is clear that this definition assures the compatibility conditions to 
define a probability measure 



Ok+l 



Then, we can define the suspension fiow, in the sense of Abramov (section [2. 3p . associated to this 
probability measure. To do this, the suspension set lfT4|) is defined as 

(28) 



S+ := {{x, s) e S+ X R+ : < s < /+ (x)}. 
Recall that the roof function /+ is defined as f+{x) := /+(xo, xi). We define a probability measure 

Si dt T.: dt 



Mr/ on E+: 



(29) 



The semi-fiow ifTS]) associated to ct+ is for time s: 



n-2 



e{i,-,if}' 



U{a)^,^- {[a]) 



(30) 



al(x,t) := ial-\x),s + t~J2f 



3=0 



n-2 



n-1 



where n is the only integer such that /+ (^o'^+x^ < s + < < /+ ^cr+a;^ . In the following. 



3=0 



3=0 



will only consider time 1 of the flow and its iterates and we will denote a+ :— a\. 
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Remark. It can be underlined that the same procedure holds for the partition (tt^). The only 
differences are that we have to consider I]_ := {1, ■ ■ • , X}^'^, ct- ((x„)„<o) = (x„-i)„<o and that 
the corresponding measure is, for fc > 1, 

For k = 0, one should take the only possibility to assure the compatibility condition 

K 

i=i 

The definition is quite different from the positive case but in the semiclassical limit, it will not 
change anything as Pp^ and P/3_i(— 77) commute. Finally, the 'past' suspension set can be defined 

as 

E_ {(x,s) e E_ X M+ : < s < /-(x)}. 
Now let a be an element of I^{fi)- Define: 

(31) Cq n • • ■ n ct^'^'Cq,^. 

This new family of subsets forms a partition of S+ (see picture [J). Then, a partition of S4. 
can be defined starting from the partition C and [0, /+(«)[. An atom of this suspension partition 
is an element of the form Ca = Ca x [0, /+(a)[ (see figure (a) of [2]). For S (the suspension set 
corresponding to S-), we define an analogous partition Cf^ — ([/?] x [0, /_(/?) [)^g^T,(^-). Finally, 
with this interpretation, equality l(40|) from section 15.31 (which is just a careful adaptation of the 
uncertainty principle) can be read as follows: 

(32) H (fi\ct) + (/if - ,C~) > ((1 - e')(l - e) - c5o) | \ogh\ + C, 

where H is defined by ([8]) and So is some small fixed parameter. To fit as much as possible with the 
setting of the classical metric entropy, we would like to be the refinement (under the special 
fiow) of an /i-independent partition. It is not exactly the case but we can prove the following 
lemma (see section [531 and figure [2]): 

Lemma 4.1. There exists an explicit partition C+ ofY,+, independent ofh such that V^^g'*' ^ct^'C+ 

is a refinement of the partition . Moreover, let n be a fixed positive integer. Then, an atom of 
the refined partition V"Zq^ct^*C+ is of the form [a] x B{a), where a — (ao, • • ■ , at) is a k + 1-uple 

fc-i 

such that (ao, • • • , afc) verifies rt(l — e) < /+ (cr+a^ < n{\ + e) and B{a) is a suhinterval of 
[0, /+(«)[. 

This lemma is crucial as it allows to interpret an inequality on the quantum entropy as an 
inequality on classical entropy. In fact, applying basic properties of H between two partitions (see 
section [2TT] and figure E]), one finds that 

(33) H {llf,ct) < H (jI^\vZt^-'a^r+) = (fi\a+,C, 

One can obtain the same lemma for the 'past' shift and in particular, it gives an ?i-independent 
partition C_ . To conclude this symbolic interpretation of quantum entropy, with natural notations, 
inequality l(32|) together with l(33|) gives the following proposition 



Proposition 4.2. With the previous notations, one has the following inequality: 

(34) (i?„^(R) (7i^+,CT+,C+) +i?„^(;i) (/I^-,CT_,C_)) > (l-e-c5o) + ^^^. 

The quantum entropic uncertainty principle gives an information on the entropy of a special 
fiow. Now, we would like to let h tends to to find a lower on the metric entropy of a limit 
measure (that we will precise in section [431) with respect to However, both nE{K) and 
depend on h and we have to be careful before passing to the semiclassical Hmit. 
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(a) Mill Mill I Ml (b) 

E:={0,1}N l]:={0,ir 

Figure 2. The basis of each tower corresponds to the set of sequences starting 
with the letters (aoj Q^i); where ao and a\ are in {0, 1} and each tower corresponds 
to the set Cag, ai x [0, /+(Qfo, ai)). The set S^. admits several partitions. The 
figure on the left corresponds to the partition C^^ 0/S+. The figure on the right 
corresponds to the refinement of the fixed partition C+ under a+, i.e. 

nE(ti)-l ij! 

4.3. Subadditivity of the entropy. The Egorov property ([1]) implies that /z^^ tends to a 
measure on E+ (as h tends to 0) defined as follows: 

(35) ([«o, • • • , a,]) = ^l {P^ o X . . . X , 

where is a fixed integer. Using the property of partition, this defines a probability measure on 
E+. To this probability measure corresponds a probability measure Jl^+ on the suspension set 
E+. It is an immediate corollary that ^1^+ is the limit of the probability measure ■ Moreover, 
using Egorov one more time, one can check that the measure is (T+-invariant and using results 
about special flows [12], is CT+-invariant. The same works for /i^" and /if" • 

Remark. In the following, we will often prove properties in the case of S+. The proofs are the 
same in the case of S_. 

As nE{K) and ^n, depend both on h, we cannot let h tend to if we want to keep an information 
about the metric entropy. In fact, the left quantity in l(34|) does not tend a priori to the Kolmogorov- 
Sinai entropy. We want to proceed as in the classical case (see ifTO]) ) and prove a subadditivity 
property. This will allow to replace nE{K) by a fixed no (see below) in the left hand side of ([34|l . 
This is done with the following theorem that will be proved in section [6l 



Theorem 4.3. Let C be the partition of lemma i4.1\ ). There exists a function R{na, h) on N x (0, 1] 
such that 

Vno G N, lim |i?(no,S)| = 0. 
Moreover, for any He (0, 1] and any no, J^i G N such that no + m < nE{h) , one has 

Hn„+m (jl^^ ,'(j+,C+'j < Hn„ (jI^+,a+,C+^ + Hm (jI^+,a+,C+^ +R{no,h). 
The same holds for S_ . 

This theorem says that the entropy satisfies almost the subadditivity property (see (HOj)) for 
time lower than the Ehrenfest time. It is an analogue of a theorem from [5] (proposition 2.8) 
except that we have taken into account the fact that the unstable jacobian varies on the surface 
and that we can make our semiclassical analysis for larger time than in [5J. The proof of this 
theorem is the object of section [6] and [7] (where semiclassical analysis for 'local Ehrenfest time' is 
performed). Then, one can apply the standard argument for subadditive sequences. Let no be a 
fixed integer in N and write the euclidian division nE{h) = gno + r with r < no. The previous 
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theorem then impUes 



nsih) no riEih) no 

As r stays uniformly bounded in no, the inequality (|34|) becomes 



?ioV\" / V" // nEih) no 

4.4. Application of the Abramov theorem. Using inequality (|36| . we can conclude using 
Abramov theorem lfT6|) . Making /i tend to 0, one finds that (as was mentioned at the beginning 

The Abramov theorem holds for automorphisms so one can look at the natural extension of 
(S+, cr+) and (S-, ct-). To do this, we introduce E' = {1, • • • , K}^ and cr'((a;„)„gz) {xn+i)nez- 
With these notations, the natural extension of (S4_,(t+) is (S',(t') and the one of (S_,(t_) is 
(S',(t'~^). We define then two associated suspension sets 

{(x,s) eExM+:0<s< /(xo,xi)} and e'_ := {(a;,s) eExK+:0<s< /(a;_i,xo)}. 

We also denote W'_^ (resp. W'_) the suspension flow on E_|_ (resp. E_) associated to the automor- 
phism a' (resp. cr'~^). Finally, we underline that C+ (resp. C_) can be viewed as partitions of the 
set E_,_ (resp. E_). This discussion allows us to derive that 

(37) ^ (7I^V,^;,C+) + (7I^-,a'_,C_)) >(!-£- c,5o) • 

In view of section [H we have an exact expression for C in terms of the functions {Pi)i (see proof of 
lemma [4TT|) . The measure 7i^+ (resp. 7^^^) is a^-invariant (resp. ^'.-invariant) as /z^ is cr-invariant 
(resp. cr~^-invariant) [12]. In the previous inequality, there is still one notable difference with the 
metric entropy: we consider smooth partitions of identity {Pi)i (as it was necessary to make the 
semiclassical analysis). To return to the classical case, the procedure of [5] can be adapted using 
the exact form of the partition C (see lemma[4]T|). Recall that each Pi is an element ofC^ifli) and 
that we considered a partition M = \_\-Oi of small diameter i5, where each Oi C fl^ (see section [3]). 
One can slightly move the boundaries of the Oi such that they are not charged by ii (see appendix 
of [2]). By convolution of the loi, we obtained the smooth partition {Pi)i of identity of diameter 
smaller than 26. The previous inequality does not depend on the derivatives of the Pi. Regarding 
also the form of the partition C (see lemma 14. ip , we can replace the smooth functions Pi by the 
characteristic functions in inequality i(37|) . One can let no tend to inflnity and flnd 

hKS (7i^'+,CT+) + hKS (7i^'-,CT'_) > hKS (71^+,^'+'^+) + hKS (jl^'-,-a'_,C-^ > (1 - e - cdo) ■ 

Then, using Abramov theorem (fT6| . the previous inequality implies that 

hKsi^^,9'')+hKs{^^,9-'') > hKS {-p^'+,K)+hKS (t^^-,^-) > (1 - e - cSo) / (^) Z^""' (M) 

7e{i,--- ,K}^ 

After division by ij and letting the diameter of the partition 6 tends to 0, then e tends to and 
finally 60 to 0, one gets 

^ / \og.rip)dfiip) .□ 



hKs{p;9) > 2 



Notations. In the following, we have to prove the various results for both E+ and S_. We will 
always treat the case of Tt+ and the case of E_ can always be deduced using the same methods. 
For the sake of simplicity, we will forget the notation + for (E+,cr+,/+) when there will be no 
ambiguity and we will use the notation (S, a, /). 
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5. Partitions of variable size 

In this section, we define precisely the index famihes and depending on the unstable 
jacobian used in section U These families are used to construct quantum partitions of identity 
and partitions adapted to the special flow (see section [5?2|) . In the last section, we apply the 
uncertainty principle to eigenfunctions of the Laplacian for these quantum partitions of variable 
size. 

5.1. Stopping time. Let t be a real positive number that will be greater than 2bar]. Define index 
families as follows (see section 14.1.31 for definitions of /+ , cr+ , /_ and cr_ ) : 

{fe~2 fe-1 ~j 

a = (ao,-- - :A;>3,^/+(aV«) <i<^/+(a» , 
i=l i=l ) 

{fc-2 fc-1 
/5 = (/3_fe, • • . , /3o) : > 3, ^ /_ < t < 5] /_ . 

i=i i=i J 

Let X be an element of {1, • • • , K}^ . We denote fct(x) the unique integer k such that 

fe-2 fe-1 

E/+K^)<^<E/+«^)- 

i=l i=l 

In the probability language, kt is a stopping time in the sense that the property {kt{x) < k} 
depends only on the fc + 1 first letters of x. For a finite word a = (aoj • • • ,o:k), we say that 
k = kt{a) if a satisfies the previous inequality. With these notations, I^{t) {a : \a\ = kt{a) + l}. 
The same holds for K^it). 

Remark. This stopping time kt{a) for t ~ !L^M Tfji\\ bg the time for which we will later try to 
make the Egorov property work. Precisely, we will prove an Egorov property for some symbols 
corresponding to the sequence a (see l|65p for example). 

Remark. We underline that our choice of defining the sets and K"^ with sums starting at i = 1 
(and not 0) will simplify our construction in paragraph [5221 

5.2. Partitions associated. 

5.2.1. Partitions of identity. Let a = (ao, • • • , afc) be a finite sequence. Recall that we denoted 
Tq :— Pa^:{kri) ■ ■ ■ Pao, where A{s) := U^'^AU^. In fS] and p], they used quantum partitions of 
identity by considering {Ta)\a\=k- In our paper, we consider a slightly different partition that is 
more adapted to the variations of the unstable jacobian: 

Lemma 5.1. Let t he in [26o?7, +oo[- The family {Ta)aei'^{t) is a partition of identity: 

TaTa ^ IdL2(M)- 

ael''(t) 

Proof. We define, for each I < I < N (where TV + 1 is the size of the longest word of I^{t)), 

I^(t) :={a=(ao,-- - ,ai) : 3-f = {-fi+,, ■ ■ ■ ,7fc), N > k > I s.t. a.jeP{t)}. 

We recall that we defined a. 7 :— (ag,--- , a;, 7;+i, • • • ,7fe)). For I — N, this set is empty. We 
want to to show that for each 2 < I < N , we have: 

(38) ^ T-*Tc+ = 

To prove this equality we use the fact that P-i^^Y Pii^) = '^(^l^{m) to write: 

K 

(39) <^o.^Y. <7^-7- 
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We split then this sum in two parts to find equahty (|38|) . To conclude the proof, we write 

N 

As t > 2bQf] > max-y f{j), the set Ii{t) is equal to {1, • • • , K}'^. By induction from iV to 1 using 
equality (|38l) at each step, we find then: 

□ 

Remark. A step of the induction can be easily understood by looking at figure [3] where each square 
represents an index over which the sum is made (as it was explained for figure [1]). In fact, at each 
step of the induction I, we consider the smallest squares (which correspond to the longest words of 
length ^ + 1) and use the property of partition of identity to reduce them to a larger square of size 
2"' (i.e. a word of smaller length I). Doing this exactly corresponds to step l(39l) of the induction. 

Following the same procedure, we denote 7r_a = (— A:r/) • ■ • P^j^P/j ^ (— ?/) for /? in K''{t). 

These operators follow the relation: '"'^'''/s = IdL2(M)- As was mentioned in section [4.1. 2^ 

f3eKi{t) 

because of a technical reason that will appear in the application of the entropic uncertainty prin- 
ciple (see (|4T1) ). the two definitions are slightly different. 



(a) 



(b) 



Figure 3. A step of the induction 



5.2.2. Partitions of {I,-- - , -ST}^ associated to P'(l)- In this section, we would like to consider 
some partitions of S := {1, • • • , K}^^ and of S (see l(28|) ) associated to the family /''(I). Precisely, 
we will construct an explicit partition C of S such that its refinement at time n under E is linked 
with the partitions ([a] x [0, f{a)[)a£ii(n) (see lemma |4?T|) . 

In this paragraph, we give an explicit expression for C and in the next one, we prove lemma \4A\ 
that gives a link between the partition V"Zq^ct^*C and {[a] x [0, /(a) Recall that 

{fc-2 fc-1 ~) 

a = (ao, • ■ • , afc) : A; > 3, E / (a*a) < 1< E / (d^a) [ . 
1=1 i=l ) 

k-1 

For a G /''(I), it can be easily remarked that ^ / (a^a) > 1. It means that there exists a unique 

3=0 

integer k' < k such that 

fe'-2 fc'-l 

j=0 j=0 
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In the following, k and k' will be often denoted k{a) — ki{a) and k'{a) to remember the depen- 
dence in a. The following lemma can be easily shown: 

Lemma 5.2. Let a G /''(I). One has \k{a) - k'{a)\ < ^ + 1. 

Proof. Suppose k' + 1 < k (otherwise it is trivial). Write: 

k-2 fc'-l fc-2 

J = l j=0 j"=fc' 

And finally, one finds (fc — 2 — fc' + l)ao?7 ^ ^o'?- D 

Let a be an element of /''(I). We make a partition of the interval [0, f{a)[ under a form that 
will be useful (as it is adapted to the dynamics of the special fiow) . Motivated by the definition 
of a special flow, let us divide it as follows for k = k{a) and fc' = fc'(a): 

fc'-l p-2 p-1 

h'-2{a) = [0, E / (^'") - ![' • • • V2(«) = E / ('^'") - 1' E / (^'") -!['••• 

j=0 j=0 j=0 

k-2 

4_2(a) = [5]/(a^a)-l,/(a) [, 

j=o 

where fc'(a) < p < k{a). If fc(a) = fc'(a), one puts /fe'_2(a) = /fc_2(a) = [0, /(a)[. 
A partition C of S can be deflned. It is composed of the following atoms: 

where 7 be an element of /''(I). A partition C of S can be constructed starting from the partition 
C and the partition of [0, /(7)[. An atom of this partition C is defined as 



C := 



{C^,p = X /p-2(7) : 7 e ^"(1), and fc'(7) <p< fc(7)} 



We will verify in next paragraph that this partition satisfies the properties of lemma 14.11 The 
choice of these specific intervals can seem quite artificial but it allows to know the exact action of 
a on each atom of the partition 

\fix,t) eCj,p, a{x,t) = {aP-\x),l+t-Y,fi<^'^))- 

3=0 

If we had only considered the partition made of the atoms x [0, /(7)[, we would not have a 
precise definition for ^(a;, t). 



5.2.3. Proof of the crucial lemma \4^ In this paragraph, lemma |4!T] is shown and proves in par- 
ticular that the previous partition C is well adapted to the special fiow on E. Let (7i,Pi)o<i<n-i 
be a family of couples such that 7^ S /''(I) and fc'(7i) <Pi < k{-fi). Suppose the considered atom 
is a non empty atom of V"Jq^ct^*C (otherwise the result is trivial by taking B{a) empty). 



We begin by proving the second part of lemma 14711 Let (x,t) be an element of C^o,po H • • ■ n 
^-(ri-i)^^^^^^^^^^ ^ -yYe denote kj — k{^j). The sequence x is of the form (79, • • • ,x') and t 
belongs to Ipg^2{jo)- We recall that for (x,t) e C-^g^pg-. 

(Po-2 
aP^'-\x),l + t-J2f{'^'^) 
j=o 

Necessarily, one has 71 = (7q" ^, • • • ,Jo°,Ji°~^°~^^, ■ ■ ■ ,7i^)- Proceeding by induction, one finds 
that X = (7o°, • • ■ , 7o" , 7i'""^"+', ' ' ' , it-i , ^" )• Define then a = (7°, j1o-po+^^ . . . , 

and 

5(7) := e [0,/(7o)[: 3a; st {x,t) G C^„,p, n • ■ • n a-("-i)C^„_,,p_, } . 
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The first inclusion C^„^pg fl ■ • • n ct C x -6(7) is clear. 

Now we will prove the converse inclusion. Consider (x, t) an element of C^o^pofl- ■ • '5~^'^~^^C^^_^,p^_^ . 
The only thing to prove is that {X,t) = ((79, • • ■ , 70"; 7i''~^''~''^i ' ■ ■ 1 7n~lS 2;'), t) is still an ele- 
ment oiC'ya,po n ■ ■ •CT~'"~^-'C7„_i,p„_i, for every x' in {1, • • • j-fiT}^- We proceed by induction and 
suppose {X,t) belongs to C^^^p^ fl ■ • ■'^~^''~^^Cy-_^^p-_^ for some j < n. We have to verify that 
a^{X,t) belongs to C-y-.p-. As iX,t) belongs to C-y^^pg fl • • •CT^^-'^^^C^^.i^p^.i, we have 

(PoH hPj-i-J-l 
1=0 

It has already been mentioned that for all i, (7?, • ' ' 7 7^^'"^'^^) = ilf-'i^ ^r'' Tli-i) {^^ the 
considered atom is not empty). It follows that a^"^ ^^^-^^^{X) belongs to C^-. We know that 
a^{x,t) is an element of C-y^.p^ and as a consequence, 

PoH hPj-i-j-l poH hPj-i-i-l 

J+t- Yl f{<j'X)^j+t- Y fia'x) e Ip^-2hj). 

i=0 1=0 

By induction, we find that C-y^^p^ n • • • H CT~^"~^-'C^„_^,p„_j = Cq x B{'~f). For each < j < 71 — 1, 
t belongs to ^(7) implies that: 

PoH hPj-i-J-1 

t e Ip^-2{l,) - 3 + /('^'")- 

i=0 

The set B{^) is then defined as the intersection of n subintervals of [0, /(7o)[ and is in fact a 
subinterval of [0, /(7o)[- 

k-l 

It remains now to prove upper and lower bounds on / {a^ a) . Recall that: 

i=0 

170' i7o '7l : :7l : ;7n-l )■ 

As < 7(7) < I for all 7 (finite or infinite subsequence: see inequality JUl)), we have then 

k~l n-2ki-2 A:„-i-l 

J=0 /=0 i=0 j=0 

For the lower bound, the same kind of procedure works with a little more care. For 70, 

ko — l fco — 1 

Y fi^'o.) = Y /(^'^o) > 1 > 1 - e- 
and for 1 < ^ < 71 — 1, one has, using lemma [121 

ki-l , 

Y fi'^'li) > 1 - (ki-i - Pi-i + 1)M > 1 - (2 + —)hail > 1 - e, 

j='£i-l-Pi-l+l 

fc-1 

where the relations between e, rj, ao and 60 are defined in section[3l A lower bound on /(cr-'a) 

is n(l — e). This achieved the proof of the second part of lemma ICT 
Recall that we have defined 

{fc-2 k-l 
(a'o, ■■■ ,a',):k>2,Yf ('^'«') <n{l~e)<Yf (^'"') 

So we have also proved that there exists a' in — e)) such that 

c^„,p„ n ■ • ■ n a-("-i)c^„_,,p„_, c C^, X [0, /(7o)[. 
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In other words, V^^}a T is a refinement of the partition (Ca' x [0,/(a')[) for any 

integer n. It is slightly stronger than the first part of lemma 14.11 and it concludes the proof of 
lemma [4TT1 D 

Remark. As a final comment on this section, we underline again that all the proofs have been 
written in the case of {1, • • • , K}^ but can be adapted to the case of {1, • • • , /C}"^. 

5.3. Uncertainty principle for eigenfunctions of the Laplacian. In the previous section [531 
we have seen that the partitions of variable size are well adapted to the reparametrized flow (used 
in the Abramov theorem). Moreover, we have given a proof of lemma [4TT] that gives a link 
between the different partitions introduced. In this section, we will use the entropic uncertainty 
principle (theorem 12. ip to derive a lower bound on the classical entropy of Jl]^ with respect to the 
partition Cn := {[a] x [0, f{a)[)aeii{h)- Precisely, we will prove: 

Proposition 5.3. With the notations of section^ one has: 

(40) H (jl^\ct) + H (jl^- ,C;,) >il-e')il-e)\logh\-cS„\\ogh\+C, 

where H is defined by (E) o,nd where C, c G K does not depend on h. 

To prove this result, we will proceed in three steps. First, we will introduce an energy cutoff in 
order to get the sharpest bound as possible in the entropic uncertainty principle. Then, we will 

apply the entropic uncertainty principle and derive a lower bound on H (jl^^ ,C^^ +H (jlf^^ ^Cf^^. 

Finally, we will use sharp estimates from [3] to conclude. 

5.3.1. Energy cutoff. Before applying the uncertainty principle, we proceed to sharp energy cutoffs 
so as to get precise lower bounds on the quantum entropy (as it was done in [2], [5] and [3|). These 
cutoffs are made in our microlocal analysis in order to get as good exponential decrease as possible 
of the norm of the refined quantum partition. This cutoff in energy is possible because even if the 
distributions are defined on T*M, they concentrate on the energy layer S*M. The following 
energy localization is made in a way to compactify the phase space and in order to preserve the 
semiclassical measure. 

Let 6o be a positive number less than 1 and XSoit) in C°°(R, [0, 1]). Moreover, XSa{t) = 1 for 
\t\ < e~''o/2 ^jjj x<5o(0 = for 1^1 ^ 1- As in j5j, the sharp /i-dependent cutoffs are then defined 
in the following way: 

^he{0,i), VneN, VperUf, x^-Hp,h) -.^ xsoie-'''"h-'+'"iHip) ^ 1/2)). 

For n fixed, the cutoff localized in an energy interval of length 2e'^^"h} centered around 

the energy layer £. In this paper, indices n will satisfy 2e^^°h^~^° « 1. It implies that the widest 
cutoff is supported in an energy interval of microscopic length and that n < Kso\logh\, where 
Ksq < Sq^ . Using then a non standard pseudodifferential calculus (see [5] for a brief reminder of 
the procedure from [34j), one can quantize these cutoffs into pseudodifferential operators. We will 
denote Op(x^"^) the quantization of x^"-*. The main properties of this quantization are recalled 
in section [A.2I In particular, the quantization of these cutoffs preserves the eigenfunctions of the 
Laplacian, i.e. 

Un-0p{x^"^)M=O{h^)yjn\l 

5.3.2. Applying the entropic uncertainty principle. Let \\iph\\ = 1 be a fixed element of the sequence 
of eigenfunctions of the Laplacian defined earlier, associated to the eigenvalue 

To get bound on the entropy of the suspension measure, the entropic uncertainty principle should 
not be applied to the eigenvectors ipn directly but it will be applied several times. Precisely, we 
will apply it to each P-yipn '■= P'yiP-yoi~v)'4'h where 7 = (70,71) varies in {1, • • ■ ,K}^. In order to 
apply the entropic uncertainty principle to P-yi^n, we introduce new families of quantum partitions 
corresponding to each 7. 

Let 7 = (70, 7i) be an element of {1, • • • , K]"^ . Introduce the following families of indices: 

h{l) ■.= {{a'):^.a' ^r'{K)}, 
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Recall that we have defined j.a' = (70,71,0;') in section [31 We underline that each sequence 
a of /''(ft) can be written under the form 7.0;' where a' S Ih{l)- The same works for K^{h). 
The following partitions of identity can be associated to these new families, for a' S Ini'j) and 

Ta' = Pa'^ {nr]) ■■■Pa'^ (2??), 

=Pf3'_S-'^'n)---P0'_.^{~2ri). 

For analogous reasons as the case of /''(ft), the famihes {Ta')a'ein{i) ^'^d i^l3')p'eih{i) fo™ quan- 
tum partitions of identity. 

Given these new quantum partitions of identity, the entropic principle should be applied for given 
initial conditions 7 = (70,71) in times and 1. We underline that for a' € Ih{l) and (3' S Kfj,{j), 

(41) fa'U^'^P^ — T-y,a'U^^ and irpiP-y = TT/s'.-y, 

where 7.0;' G /''(ft) and (3' .j G K^{h) by definition. In equality (|4T1) appears the fact that the 
definitions of t and tt are sHghtly different (see l(23|) and ([Ml))- It is due to the fact that we want 
to compose f and tt with the same operator P^. 

Suppose now that |jP-y^a|| is not equal to 0. We apply the quantum uncertainty principle (|2.ip 
using that 

• (^a')a'e/R(7) ^^'^ i^f^')l3'&Kn{'y) are partitions of identity; 

• the cardinal of Ini'y) and Kfi{'y) is bounded by A/" ~ h~^° where Kq is some fixed positive 
number (depending on the cardinality of the partition K, on ag, on bo and rj); 

• Op(x^'^ -') is a family of bounded bounded operators Op' (where k' is the length of /?'); 

• the parameter S' can be taken equal to \\P-f^lJh\\~^fi^ where L is such that h^^^° ^ 
^i/2(i-£')(i-e)-c5o fQj. a gi^en constant c (see corollarv rO]) : 

• J7~'' is an isometry; 

• i^h '■— iip^^^ii is a normalized vector. 

Applying the entropic uncertainty principle l|2.ip . one gets: 
Corollary 5.4. Suppose that HP^VrII is not equal to 0. Then, one has 

ft^f/^^V^rO + ft#(^a) > -2 log {cl{U-'>) + h'^-''°\\P^Ml^) , 
where cZiU-") = max (Wr^'U-'^nl, Op(x^''">)\\) . 

Under this form, the quantity HP-yVill"^ appears several times and we would like to get rid of 
it. First, remark that the quantity c^{U~^) can be easily replaced by 

(42) cJU-'^) := max max {\\To.'U-'^n*0^{x'^^"^ 
which is independent of 7. Then, one has the following lower bound: 

(43) - 2 log {cl{U-^) + ft^-^°||P^Vnir') > -2 log (cx(f/-'') + ft^-^«) + 21og \\P^M? . 

as llPyi/'/ill < 1- Now that we have given an alternative lower bound, we rewrite hf(U^'^iph) as 
follows: 

Using the fact that ij^n is an eigenvector of and that {fai)a'£if,(i) is a partition of identity, one 
has 

ftf ((7-"^a) = E Wo^'M^^og \\t^.o.'M\'' + log WP^M?- 

The same holds for fts('0ri) (using here equality (|4T|) ): 

ft#(V^n) = - np 112 Y lk/3'.7V';»f log||7r/3'.^V;if +log||PyVr»f • 
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Combining these last two equalities with l|43l). we find that 
(44) 

- lk7.«'V';.f log||T^.a'V'?>f- J2 lk/3'.^V'fi.||'log|k^'.^V;.f >-2||P^V;.f log(cx(C/-")- 

We underline that this lower bound is trivial in the case where ||P-y';/';il| is equal to 0. Using the 
following numbers: 

^^'^ ^ ^"'^ Eye{i,....Kp/(7')l|Py^.lP' 

one easily checks that c^\\P^iph\\^ — If we multiply l|44p by and make the sum 

7e{i,--- ,KY 

over all 7 in {1, • • • , K}^ , we find 

- Ca||roVr.f log II T«Vr.f- ^ c^H^^Vr^f log |k/3Vr.f > -21og (cx(f/-'') + . 

Finally, we use that ^ Ca||Ta-0/i|p — 1 and ^ c^IItt/ji/j^II^ = 1 and derive the following 
property: 

Corollary 5.5. One has: 

(46) H (fi\ct) + H (fi- ,C^) > -2\og{c^iU-'^) + h^-^°)-log(maxc^^ . 

As expected, by a careful use of the entropic uncertainty principle, we have been able to obtain 
a lower bound on the entropy of the measures Ji^^ and /I^" . 

5.3.3. Exponential decrease of the atoms of the quantum partition. Now that we have obtained the 
lower bound (|46| , we give an estimate on the exponential decrease of the atoms of the quantum 
partition. As in ^2i, iSj, [3j, one hafl 

Theorem 5.6. [21 [SI [SI For every /C > (X < Ksq), there exists hfc and Ck. such that uniformly 
for all h < hjc, for all k + k' < IC \ log h\, 



iP^.f/^P^.^, • ■ • U^Po.,U^^P^'U^ • • - P^' Opix^'' ))|U 



^(M) 



fe-1 fc'-l 



(47) < C^ft-^--^" exp E /(^■'") + E /(^'"' 

where c depends only on the riemannian manifold M . 

OutHne that the crucial role of the sharp energy cutoff appears in particular to prove this 
theorem. In fact, without the cutoff, the previous norm operator could have only be bounded by 
1 and the entropic uncertainty principle would have been empty. The previous inequality l|47p 
allows to give an estimate on the quantity (|42| (as it allows us to bound c^{U~'^)). In fact, one 
has, for each 7 G {1, • • • , K}"^: 

\\fo.U-^rpO^{x^^'^)\\ = IIP., C/^P^.^, ■••C/''P„,C/3''P^_,[/^-..F^_„0p(x('='^)||, 

where (a2, • • • ,ak) G ^^(7) and iP-k','-- ,^-2) G Kri{j). Using the definition of the sets 
/''(ft) dMl) and K'^ih) {211), one has k + k' < ^|log?i|. Using theorem {SSI with /C = 
one has: 

(/fc-i fc'-i 



In the higher dimension case mentioned in the footnote of section 11.21 we should replace h 2 (where d is the 

d-l 

dimension of M) hy h 2 in inequality II47II . 
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where C^; does not depend on h and c is some universal constant. Using again the definition of 
the sets r{h) ^ and if'' (ft) one has 

c^{U-^) = max max (||r„C/-''7^;0p(x('='))||) < C^h^^^-^'^^'-^^h-^'^ 

where Ck: does not depend on h. The main inequaUty (|46|) for the quantum entropy can be 
rewritten using this last bound and it concludes the proof of proposition 15. 3I D 



6. SUBADDITIVITY OF THE QUANTUM ENTROPY 

As was mentioned in section[4]and proved in section[5l the uncertainty principle gives an expHcit 
lower bound on 




To prove our main theorem 11.21 we need to show that this lower bound holds also for a fixed no 
on the quantity 

(as we need to let h tend to independently of n to recover the semiclassical measure jf': see 
section I4.3P . To do this we want to reproduce the classical argument for the existence of the 
metric entropy (see (fTO|) ). i.e. we need to prove a subadditivity property for logarithmic time as 
was given by theorem l4.3l A key point to prove the subadditivity property in the case of the metric 
entropy is that the measure is invariant under the dynamics (see (flOl) ). In our case, invariance of 
the semiclassical measure under the geodesic fiow is a consequence of the Egorov property (U) : to 
prove that subadditivity almost holds (in the sense of the previous theorem) , we will have to prove 
an Egorov property for logarithmic times. We will see that with our choice of 'local' Ehrenfest 
time, this will be possible and the theorem 14.31 will then hold. 

The proof of theorem [431 is the subject of this section (and it also uses results from section [7]). 

Remark. In this section, only the case of {1, • • • , K}^ is treated. As was mentioned, the proof of 
the backward case {1, • ■ ■ , if}"^ works in the same way. 

Let no and m be two positive integers such that que m + no < Te{K). One has 

H (vr+r""V-T,7if) = H {y--^a-^CwwZl^-'^-'C,Til) . 

Using classical properties of the metric entropy, one has (see section [271]) 

(a,7lf,c) < Hn (a,7lf,c) +i7„o (a,a"ttMf,c) . 

Using proposition 16.11 and the continuity of the function a; log a; on [0,1], there exists a function 
i?(no,ft) with the properties of theorem 14.31 such that iJno (^^^"tJMfiC^ = Hno (^,T^h^Cj + 
i?(no, h) and thus: 

(48) H^+no (^,Mf ,C) < Hn (^,7if ,C) + {^,'pf^,c) + i?(no, h)n 

So the crucial point to prove this theorem is to show that the measure of the atoms of the refined 
partition is almost invariant under a (proposition [6?T])- In the following of this section, A is defined 
as: 

4 — r n . . . n 7F-("o-i)7^ 
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6.1. Pseudo-invariance of the measure of the atoms of the partitions. From this point, 
our main goal is to show the pseudo invariance of the atoms of the refined partition. More precisely: 

Proposition 6.1. Let m, uq be two positive integers such that m + no < Te{K). Consider an atom 
of the refined partition A — C-yg^p„ fl • ■ • fl a~^'^"^'^''Cy^^_-^^p^^_-^ . One has 



{a-"' A) = Jil [A) + 



with a uniform constant in uq and m in the allowed interval. The constant v < 1/2 is the one 
defined by theorem \7.1\ 



This result says that the measure /if is almost a invariant for logarithmic times. As a conse- 
quence, the classical argument (see lfTO|) ) for subadditivity of the entropy can be applied as long 
as we consider times where the pseudo invariance holds (see {Ml)). 

Let A be as in the proposition. From lemma |4?H there exists (ao, • • • , at) and -8(7) such that 

A= (C„„ n • • • tJ-'^O X 5(7). 

Still from lemma l4!Tt one knows that B(pj) is a subinterval of [0, /(7o)[- Moreover, from the proof 
of lemma WA\ the following property on a holds: 

(49) no(l-e) <^/(a^a) <no(l + e). 

The plan of the proof of proposition 16. II is the following. First, we will give an exact expression in 
terms of a and -8(7) of /jf (ct~™A). Then, we will see how to prove the proposition making the 
simplifying assumption that all operators {Pi{kri))i^k commute. Finally, we will estimate the error 
term due to the fact that operators do not exactly commute. 

6.1.1. Computation ofJl]^{a~"'^A). We choose a positive integer m. As a first step of the proof, 
we want to give a precise formula for the measure of a~"^A. To do this, we have to determine the 
shape of the set a^"^A. Let us then define: 

{_ p-2 p-l 
3=0 j=0 

We underline that because to > 1, we have that is empty for p < 3. One has then S = ^ ^ 

p>3 

and as a consequence 

w-"'A = |j(s"nCT-™A 

p>3 

{_ ^"^ 
ix,t) e : TO + t - ^/(cr-'a;) G -8(7), (xp-i,- ■ ■ ,Xp+k-i) = a 
0=0 

Note that t e ^(7) — to + J2^Zo f i'^'' ^) together with {xp-i,--- ,Xp^k-i) = en imply that 
J2^Zo /(''■"' 2;) < m + t < J2^Zq fi'^^^)- It allows to rewrite 

{p-2 
{x,t) e S xK+ : 0<t < /(x),t e 5(7) - m + ^/((7%),(a:p_i,-- - ,Xp+k-i) 
3=0 

Finally, one can write the measure of this suspension set 

-p^{a-''^A)^J2 E c^,a(m)||P^,^^_,((fc+p-l),7)P0,^^_,((fc+p-2)ry)...P^„^,||^ 

p>l |/3|=p + fe 

(/3p-l, ■ ■ ■ ,0p+k~l) = 
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where 

/ p-2 p-2 \ / 

c^,„(m) = Leb i?(7)n[™-^/(a^/3),m-^/(a^/3)[ / ^ fh>fAb']) 

\ J=0 J = l / \7'G{l,--,i^}=^ 

For the sake of simphcity, we will denote A the normalization constant of the measure, i.e. 

7'e{i,--- ,K}^ 

Outline that the previous sum runs a finite number of p with at most 2bo / uq non zeros terms in 
each string /3 (as c,,a{m) is zero except a finite number of times). For simplicity of the following 
of the proof, we reindex the previous expressions 
(50) 

p>3 |/3|=p + fc 

(/3o, ■ • • = Q 

where Cf3.a{m) — X Leb ^-8(7) fl [m — J2^=o f{'^''P)i'^ ~ fi'^^ Wiih. X defined as previ- 

ously. Then, to prove proposition 16.11 we have to show that the previous quantity l(50| is equal 
to 

A Leb (i?(7)) \\Po.,{kv) ■ --PcoMh + OL^ih^^-'-^y^). 

6.1.2. // everything would commute... We will now use our explicit expression for /I^ 
(see (|50|) ) and verify it is equal to Jif {A) under the simplifying assumption that all the involved 
pseudodifferential operators commute. In the next section, we will then give an estimate of the 
error term due to the fact that the operators do not exactly commute. In order to prove the 
pseudo invariance, denote 

Kjn{a) := {/3 = (/3_p+i, • ■ ■ , Pk) : (/3o, ■ ■ ■ , Pk) = a,Cf3,a{m) ^ 0} 

and 

K^Ha) := {(/3-g+i,--- ,/3fe) : 37= (7_p+i,-- - ,7_g) s.t. g < p, 7./? e if™(a)} . 
With these notations, we can write (|50| as follows: 

_ ^ 
(51) Jlf{a-"^A)= J2 ^pAm)\Mnr^J2 E c^^MMnW- 

Recall that by definition (see ^) := PpA{k + p - l)Tj)Pp^_^ {{k + p - 2)r]) ■ ■ ■ P(}_^+^ . For 
simplicity of notations, let us denote -6(7) — [a, b[ (where a and h obviously depend on 7). A last 
notation we define is for (3 such that \[3\ — k + q and a'^^^(3 = a: 

(q-2 
[a,6[n[a,m-^/(cr^/3)[ 

where A is the normalization constant of the measure previously defined. We underline that the 
interval -8(7) = [a,b[ can be divided in smaller intervals (see the definition of C/j, 0(771)). The 
number Cf3,a{'m) corresponds to the length of one of this subinterval (weighted by A) and cp^aim) 
corresponds to the sum of the lengths of the first intervals. Suppose now that all the operators 
{Pi{kr]))i^k commute. We have the following lemma: 

Lemma 6.2. // all the operators {Pi(kri))i^k commute, then one has, for 2 < q < N: 

E C^,a(»7l)||T^V'sf + E C/3^a(TO)||r^Vfif E C/J,^ (to) 1 1 T^7/;;i f . 
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Proof. Let 2 < q < N. Consider (3 an element of Km ^\o:). Using the property of partition of 
identity, we have 

K 

C/3,a(TO)||r0V/if = XI Cf3,a{m)\\Pj{-r])Tf:!ipH\\^. 

For each 1 < J < -f^, we have the following property for Cj,p^a{'m) (as / > 0): 
We can write then 

K 

Notice that, as we have assumed the operators commute, we have 

(53) P,(-r;)P^,((/c + q - 2)ry) • ■ • Pp_^^,^n = Pp^k + q - ■ ' ' Pp-.+.Pji-v)^^. 
As a consequence, we have 

K 

Cp^aim)\\Tp^pHf = Y Y (Cj./3,a(m) +Cj.^,„(m))||T/3Pj(-77)V'ftf . 

By definition of the different sets Km and as is an eigenfunction of the Laplacian, this last 
equality allows to conclude the proof of the lemma. □ 

Proceeding then by induction from to 1 (see equality {Sl])) and using the previous lemma at 
each step, we can conclude that if all the operators commute, 

7lf(a-'"A)=7lf(A). 

6.1.3. Estimates of the error terms. Regarding to the previous section, we have to see what is 
exactly the error term we forgot at each step of the recurrence and we have to verify that it is 
bounded by some positive power of H. Precisely, we have to understand what is the error term in 
equation ((53l) if we do not suppose anymore that all the operators commute. Precisely, the error 
term we have to take into account in ll53l) is 



k 

Rp,^,n = Y iik + q- 2)77) • • • {{j + q - mR'iP, i)Pp,^^ {{j + q - m ■ ■ ■ Pp-,^M. 

3 = ~q+2 

where W (/3, 7) = [P-y (— 77), Pp- {{j + q — 2)77)] is the bracket of the two operators. We denote Rp^n. 
each term of the previous sum. The error term we forgot at each step q of the induction in the 
previous section is then 

K 

(54) E{n, q):^Y Y P',{-v)rp4'h) + (t0P^(-77)V's, Rli^fi)) • 

So, for each step q of the induction, if we want to prove the pseudo invariance of the measure, a 
first error term we have to estimate is of the form 

k K 

Using Cauchy Schwarz inequality twice and the fact that < cp^aim) < XLeh{B{j)) < Xborj, this 
last quantity is bounded by 

(56) am( E E E ii^'^,7/Jn ( E E E \\p.i-v)rpM 
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The last term of the product is bounded as 

k K 

E E E \\P^{-ri)TpM? <{k + q)K \\rpM?^{k + q)K^O{\\ogh\). 

j=-g+2 7=l^g^(,-i)(^) l/3|=fc+g-l 

We also underline that Xb^rj is bounded by 6o/ao- As a consequence, the error term fSS]) is bounded 

by 




qiog^i H E 11^: 



'^,7, fill 



where C is some positive uniform constant (depending only on the partition and on rj) . We extend 
now the definition of i?-' 7) (previously defined as [P^(— 77), P^^ ((j + g — 2)77)] for /3 in ifm ^\ol)) 
to any word /? of length k -\- q — \. Ifj + q — 1 letters of (3 are also the j + q — \ first letters 
of a word (3' in Km ^^(a), we take := [P-y{~v)i PfijiU + Q ^ 2)77)]. Otherwise, we take 

R-'{(3, 7) := ?i Id_L2(^,j). We define then for any sequence of length k + q — 1 

= Ph {{k + q^ m ■ ■ ■ Pf3,^r iU + q - i)v)R'iP, l)P0,-^ iU + q - m ■ ■ ■ Pp-.^.i^n- 

In theorem 16.31 from the section 16.21 we will prove in particular that for every (3 of size q + k ~\ 

and for each —q + 2 < j < fc, 

(57) 

\\R'{(in)Pp,_Aij + q-i)v)---P0^,+ML^M)<ch^-^''\\Pp^_,{{j + q-2,)^^ 

where C is a uniform constant for tlq and m positive integers such that uq + m < Te{K) and 
V <l/2 (defined in section [Tj). We underline that the bracket W{p,"f) of the two operators can 
commute (modulo h}"'^") because we have made a phase space localization thanks to the operator 
■P/3j_i((j + 9 — 3)77) • • •P/3_g^2. Theorem l6.3l can be applied as X]^=o~^ fi'^^P) < {no + m){l + e) < 
nE{K) (see l(49l) and ((52l) 1. Using bound l(57|) and the property of partition of identity, we have 

\f3\=k+q-l 

The error term l(56|) (and as a consequence l(55l)) is then bounded by 

C\\ogh\i E E E \\R'0..,rA -Oih-^). 

\j=-q+2-y=l\l3\=k+q~l J 

Looking at equation (|54l) . we see that the other error term for the step q of the induction can 
be estimated with the same method and is also a 0{h^i~). As the number N of steps in the 
induction is a 0{\ log h\), the error term we forgot in the previous section (due to the fact that the 
operators do not commute) is a 0{h~s~). This concludes the proof of proposition 16. II P 



6.2. Commutation of pseudodifFerential operators. In order to complete the proof of the 
pseudo invariance of the measure (proposition 16. ip , we need to prove inequality (|57| . It will be a 
consequence of l(59|) below. Once we have proved this inequality, the subadditivity property will 
be completely proved. The exact property we need is stated by the following theorem: 

Theorem 6.3. Let (70, • • • ,7fe) be such that 

k-l 

(58) E/(^'t) 

One has: 
(59) 

\\[P,Akv),P'ro]P',.-^iik - m ■ ■■P-,,(r])^r\^, < Ch'-^'' \\P^,_A{k - l)v) ' ■■PyAv)ML^ - 

where v < 1/2 is defined in section\^ C is a constant depending on the partition and uniform in 
all 7 satisfying f58]} . 
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In this theorem, we underline that there are no particular reasons for the bracket [P^^ {kr]), P^g] 
to be small: it will be in fact small thanks to the phase space localization induced by the operator 

Py,_Aik-i)v)---PyM- 

fc(7)-l 

Let 7 be a finite sequence as in the previous theorem. Denote t{j) = ^ f{cr^j). This quantity 

is less than nE{K) in the setting of theorem 16.31 There exists a unique integer ^(7) < /c(7) such 
that: 

In the following, the dependence of I and A: in 7 will be often omitted for simplicity of notations 
and will be recalled only when it is necessary. This definition allows to write the quantity we want 
to bound 

\\[P^Jkv),Pyo]Pf.-^iik-l)v)■■■P^^{v)M\L- 

in the following way: 
(60) 

\\[P,, {{k-l + 1)77), ((-; + 1)77)] P,,_, {{k ~ l)rj) ---P,, {rj)P^,_, • • • P,,{{-1 + 2)r,)i:4^, . 

The reason why we choose to write the quantity we want to bound in l|59p in the previous form 
instead of its original form is to have a more symmetric situation for our semiclassical analysis. 
To prove the bound in theorem 16.31 a class of symbols taken from p3] will be used (see (|77l) for 
a definition) and results about them are recalled in appendix [Aj Before starting the proof, using 
proposition [A31 we can restrict ourselves to observables carried on a thin energy strip around the 
energy layer £^ . It means that the quantity we want to bound is the following norm: 
(61) 

P,, {{k-l + 1)77), P^„{{~1 + 1)77)] P,,_, {{k - 1)1^) ■■■P„ (77)P^,_, • • • P^,_, {{-I + 2)77)7/-;, 1 1 , 

where Pi is now equal to Op;j(P/), where P/ is compactly supported in T*Qi n £^ (see proposi- 
tion [A]3|. 

6.2.1. Defining cutoffs. If we consider quantity l(6T|) . we can see that because we consider large 
times A:77, we can not estimate directly the norm of the bracket P^,, {{k — I + 1)77), P-y„ ((— ^ + 1)77) 

as there is no particular reason for P-yf.dk — I + 1)77) and Pjq{{—1 + 1)77) to be pseudodifferen- 
tial operators to which we can apply the classical rules from semiclassical analysis. However, 
the quantity we are really interested in is the norm of this bracket on the image of P~f^_^{{k — 
l)rj) ■ ■ ■ P-yi {i])Pji_-^ ■ ■ ■ Pyfc_i {{—I + '2)'ri)- So we will introduce some cutoff operators to locaHze the 
bracket we want to estimate on the image of P-f^_i {{k — 1)1]) ■ ■ ■ Py, {rj)P~f^_-^ ■ ■ ■ Pys._i {{—I + 2)77). 
Then, as was discussed in section [T21 we will have to verify that it defines a particular family of 
operators for which the Egorov theorem can be applied for large times. 

First, we introduce a new family of functions {Qi)fLi such that such that for each I < i < K, 
Q^ belongs to C°°(T*ri, n £^), < < 1 and Qi = 1 on suppJ^^. We then define two cutoffs 
associated to the strings (71, • ■ • ,7i-i) and (7/, • ■ • ,7^-1): 

(62) g^,_,,.. := Q-,, o g-C^-')" . . . Q,,_, o g-^ 
and 

(63) 07,_,,.. ,7, := Q^, og^... o g('-')\ 

The first point of our discussion will be to prove that Egorov theorem can be appHed for large 
times to the pseudodifferential operators corresponding to these two symbols. 
We prove the Egorov property for Q-yk^i,--- m example (the proof works in the same way for 
the other one). Recall that one has the exact equality, for a symbol a: 

(64) U-'Op^{a)U' -Op^{a{t)) ^ f [/-''(Diffa*^'*)C/"ds, 

Jo 
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where a{t) :— a o and DifFa* := f [--^^j Op^(a(t))] — Op^({i?, a(t)}). Here, we will consider 
a :— . One has, for <t < {k — I + 1)77: 

There exists a unique integer I < j < {k — I) such that t — jr] is negative and t — {j — l)rj is 
nonnegative. This allows us to rewrite: 



lit) ^ (q^, o 



9 



°9 



Using the last part of theorem 1 7 . 1 1 and its subsequent remark, we know that Q^, og 



-{k-i~j)v . . . I 



o are symbols of the class 5^ (see the appendix for a definition 

of this class of symbols), where v := Moreover the constants in the bounds of the 

derivatives are uniform for the words 7 in the allowed set (see theorem 17.11 and proposition 17. 3p . 
As —r] < t — jrj < < t — {j — l)r] < rj and as the class 8"°"'° is stable by product, we have then 
that Q7i,- - ,7fc_, (0 is in the class S~°°'°, for < t < {k — I + with uniform bounds in t and 
7 in the allowed set. As, in [5|, we can verify that T)iSQ*^^__^ ... .^^ is in \]/-oo.2i/-i ^^j^j then apply 
the Calderon-Vaillancourt theorem for ^~°°'2'^~i. As a consequence, there exists a constant C 
depending only on the family Qi and on the derivatives of 5^ (for —ri<s<ri) such that 

(65) vo < t < (fc - z + 1)77, ||0pjQ7,_,,.. ^7,)(i) - 0]>n{Qi.-u - .7, m\c{LHM)) < ch^-^r 

As we mentioned it in the heuristic of the proof (section ll.2p , taking into account the support 
of the symbol, we have proved a 'local' Egorov property for a range of time that depends on the 
support of our symbol. Precisely, we have shown that the Egorov property holds until the stopping 
time defined in section [KTTl 



6.2.2. Proof of theorem Before proving theorem 16.31 we define (in order to have simpler 
expressions): 

To prove theorem l6.3[ we need to bound quantity ((611) and precisely to estimate (|6T|) . we have to 
estimate: 



(66) 



Now we want to introduce our cutoff operators Opn{Qt) in the previous expression: 

P,„{{-1 + l)v)Py, {k-l + 1)77) = ((-/ + 1)77) (id - (P^, 0p,(Q7,_,,.. ,7, )){{k~~l + 1)7;) 



((fc 



1)77). 



+ (^7.0Pn(Q7.-l,-. 

We will first estimate the norm 

^"70 + m {id - (A, OpniQ-f.-u - .7. )) {{k-l + 



To do this, we first outline that P^^ is in *-°°'°(M) and Opfi{Q.y^_^^... ^^i) is in ^'-°°'°(Af). Using 
the standard rules for a product, we know that the previous expression can be transformed as 
follows: 



P^M-l + m {Id - Opf,{PlQ,,_,,...,^,)iik - I + 1)77)) 



L^{M) 



where ||i?:^(/i)||i2 < Cfi-^^^'^H^T^H^j (where C is independent o{ k — I as the bounds implied in 
the derivatives in theorem l7.ll are uniform for words 7 in the allowed set: see proposition 17. 3p . 
We can apply the strategy of the previous section to prove an Egorov property for the operator 

Qik-i,--- ,ii){{k — ' + l)f?) is equal to the 

pseudodifferential operator in \I>~°°'0 
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supported in g-'>T*n^, n • • • n g-('=-'+i)''r*17^, n £^ . Using then theorem[l31 the following holds: 

[id - Op, ((f4Q^,_,,.. o P^^__^((A: ^ ■ ■ ■ P^.H^l + 2),?)^, = 

Even if the proof of this fact is rather technical, it is intuitively quite clear. In fact, if we suppose 
that the standard pseudodifferential rules (Egorov, composition) apply, Pj^^_i {{k—l)i]) ■ ■ ■ P^^ {{—1+ 
2)77) is a pseudodifferential operator compactly supported in g'^''^'^^'^T*D,^^ n • • • n.g^'~'^^''T*Sl^^,_j n 
£^ . On this set, by definition of the cutoff operators {Qi = 1 on supp(Pi)), (1 — {P^^Q-^k-i,--- ,11) ° 
^(fe-;+i)r)'j |g equal to 0. As a consequence, we consider the product of two pseudodifferential 
operators of disjoint supports: it is OL^iff^). The statement of theorem 17. II makes this argument 
work. To conclude the previous lines of the proof, we have 
(67) 



((-/ + 1)7?) M - P^, Op,,(Q^,_,,.. ) ((A: - Z + 1),7) 



L2(M) 



Performing this procedure for the other operators, we finally obtain that the only quantity we 
need to bound to prove theorem 16.31 is the following quantity: 



(68) 



(^7.0pr.(Q 



7fe-l, 



. ,^,mk - 1 + 1)77), (p^„op,(Q7,-i.- .7i))((-^ + 1)'?) 



£(L2(M)) 



Using the property of the product on 5'^°°'°, we know that, up to a 0^2 (?i^ ^''), the previous 
quantity is equal to 



7fc^7fc-l, 



j((fc-/ + i),7),Op;,(p4g 



7o^7i-l, 



Using the same method that in the previous section (which uses theorem 17. ip , we can prove an 
Egorov property for the two pseudodifferential operators that are in the previous bracket and show 
that, up to a 0^2 (^i^^^"), the quantity (|68|) is equal to 



(fe-i + l)rn 



Op,((p/„g^,_,,..,^j 



11)° 9 



£(L2(M)) 



Using the pseudodifferential rules in ^'~°°'"(Af) (proceeding as in the previous section, the two 
symbols stay in the good class of symbol using theorem l7.ip , we know that the previous bracket is in 
^]y-oo,2i/-i Ugjjjg ^jjg Calderon-Vaillancourt theorem, we know that quantity (|68| is a 0^2 (fi,^"^''), 
where the constant depends only on the partition. This concludes the proof of theorem I6.3I D 



7. Products of many evolved pseudodifferential operators 

The goal of this section is to prove a property used in the proof of theorem 16.31 Precisely, 
the following theorem states that the product of a large number of evolved pseudodifferential 
operators remains in a good class of pseudodifferential operators provided the range of times is 
smaller than the 'local' Ehrenfest time. First, recall that using proposition \A.3\ we can restrict 
ourselves to observables carried on a thin energy strip around the energy layer £^ . We underline 
that we do not suppose anymore that this thin energy strip is of size h^~^: we only need to have a 
small macroscopic neighborhood of the unit energy layer. Moreover, the class of symbols we will 
consider will be the class S^°°-^ (see (|77|) for a precise definition) with := (< 1/2, see 

section [U . 

Theorem 7.1. Let {Qi)^i be a family of smooth functions on T*M such that for each I < i < K , 
Qi belongs to C°°(T*r2j tlS^) and < Qi < 1. Consider a family of indices (71, • • • ,7;) such that 

2^/(7j+i,7j) < • 

i=i 

Then, for any 1 < j < I, one has 
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where A'^^''"'"'^ is in the class Precisely, one has the following asymptotic expansion: 

p>0 

where Ap''' '^^ is in the class S~°°''^p'' (with the symbols semi norm uniform for 7 in the allowed 
set of sequences and I < j < I: see proposition \ 7.3\) and compactly supported in g^^T*n^. n 
• ■ • (7^^''r*il^j^ n £^ . Finally the principal symbol A^^" '^^ is given by the following formula: 

Al''- '-'^ = Q^^ o g" . . . g^, o g(^-l)"Q^, o 

Remark. We underline that the asymptotic expansion (except for the order term) is not in- 
trinsically defined as it depends on the choice of coordinates on M. We also remark that this 
theorem holds in particular for the smooth partition of identity we considered previously on the 
paper. Note also that the the result can be rephrased by saying that 0pfi{Qjj^){jri)0pf^{Q^2){{j — 
l)rj) ■ ■ ■ Opf^{Q-yj){ri) is, up to a 0^2(^1°°), a pseudodifferential operator of the class and 
of well determined support. As we also have to consider 'past' evolution, we mention that we 
can also suppose X]j=i /(7i'7j+i) — ""^2 • Under this assumption, we would have proved that 
Opn{Q'n){-jv)OPh{Q'f2){-ij - ^)v) ■ ■ ■ OPhiQij)i-v) is, up to a C'i2(n°°), a pseudodifferential 
operator of the class vl>-°°'0 and of well determined support. These are exactly the properties we 
used in section [621 

The plan of the proof is the following. First, we will construct formally A'^'^' ^'^j and its 
asymptotic expansion in powers of h. Then, we will check that these different symbols are in a 
good class. Finally, we will check that these operators approximate the product we considered. 
For simplicity of notations, we will forget (for a time) the dependence on 7 and denote the previous 
symbol A^ for I > j > 1. 

7.1. Definition of ^ti' ^'T'. In this section, we construct formally the symbol A^ . The way to 
do it is by induction on j. First, we will see how to define formally A^ from A^~^. Then, using the 
formulas of the previous section, we will construct the formal order N expansion associated to this 
A^ . We only construct what the order N expansion should be regarding to the formal formulas. 

7.1.1. Definition at each step. To construct A^ , we proceed by induction and at the first step, we 
consider Op;j((3^J and we write it into the form Opri{A^){~i]). This means that we have defined 
formally for <t < rj: 

OprM\t)) -.^U-'OpniQ^jUK 

Using Egorov theorem for fixed time r] and the corresponding asymptotic expansion (see sec- 
tion [AaH for explicit formulas of the asymptotic expansion), we prove that, up to a Oi,2(S°°), 
0pn(Q7i) is equal to Opfi{A^{r/)){—r]), where ^^(77) is in S~°°'^, given by the asymptotic expan- 
sion of the Egorov theorem and supported in g^^T*Qj^ O £^ . We can continue this procedure 
formally. At the second step, we have 

We want this quantity to be of the form Opn{A'^{r])){—2rj). This means that we have defined 
formally for < t < rj: 

Op^XA^t)) C/-*0p,(Ai(r;))0p^(Q^,)/7*. 

Using rules of pseudodifferential operators (see section IA.3.11 and IA.3.2P , we can obtain a formal 
asymptotic expansion for (rj) (see next section) starting from the expansion of A^ (77) . One can 
easily check that this formal expansion is supported in g~'^T*{l^.^ n g^^^T*il.y^ n £^ . Following 
the previous method, we will construct a formal expansion of A^ (t) (for <t < rj) starting from 
the expansion of A^~^{r]) (see next section). To do this, we will write at each step 1 < j < I, 

(69) Opr,{A\t)) U-'Opf,{A^-\v))Opn{Qy.)U\ 
We also introduce the intermediate operator 

(70) Op,(T) := Op^{A^-\v))Opn{Q,,). 
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With this definition, we will have 

Opr.(A-''(^))(-jr?) := {OpniA'-'iv))Opn{Qy,)) (-(.? - l)v) ■ 

Using again rules of pseudodifi^erential calculus (see section IA.3.11 and IA.3.2P , we can obtain a 
formal asymptotic expansion for A^{t) (see next section) starting from the expansion of ^^"^(77). 
One can easily check that this formal expansion is supported in (?~* (T*nj. n ■ • ■ n 5~-'T*17^j)n£*. 
In the next section, we will use the induction formula l(69|) to deduce the ft-expansion of (t) 
from the expansion for the composition of Opf^{A^^^ {rj)) and Opfi{Qj^) and from the expansion 
for the Egorov theorem for times <t < rj. At each step 1 < j < / of the induction, we will have 
to prove that A^ stays in a good class of symbols to be able to continue the induction. 

7.1.2. Definition of the order N expansion. We fix a large integer N (to be determined). We study 
the previous construction by induction up to 0{h^). From this point, we truncate A^it) at the 
order N of its expansion. First, we see how we construct the symbols A^{t) by induction. To do 
this, we use the formulas for the asymptotic expansions for the composition of pseudodifferential 
operators and for the Egorov theorem (see section IA.3.11 and IA.3.2P . Suppose that 

N 

A^-\ri)=Y.rfA],-\v) 

is well defined, we have to define the expansion of A^{t) from the asymptotic expansion of ^^^^(77), 
for < t < 77. First, we define: 

N p 

(71) A' ^here X ^ (A^-^mMQ^,) ^ ■ 

p=0 r=0 ^ 

The symbol U j\f represents an analogue on a manifold of the Moyal product (see appendix IA.3.ip : 
{a^Mb)p is the order p term in the expansion of the symbol of 0p;j(a)0p;j(6). Recall from the 
appendix that iApZqiMQ-yj)q is a linear combination (that depends on the local coordinates 
and on the {Qi)i) of the derivatives of order less than q of ^^1^(77). Using proposition IA.4I in 
appendix IA.3.2| one has the following order N ~ p expansion, for the symbol of the operator 

where A^ q = Ap o g*- and Ap ^.{t) :— J2i=o lo ^p.ii'^ ^ | (^''(p)) ds. Then, we can define 
A^{t) using these different expansions. Precisley, we define 

N p 

A^it) := ^here, for < p < TV, Aj,{t) YX-,:,i*)- 

p=0 q=0 

This construction is the precise way we want to define the asymptotic expansion of the symbol 
A^ (t) in theorem Fm If we want the theorem to be valid, we have to check now that the remainders 
we forget at each step are negligible (with an arbitrary high order in h). To do this, we will first 
have to control at each step j the derivatives of A^ (t) (see next section) . 

Remark. The support ofAjj{t) is included in g~* (T*Qj. n • • • n .g^^-'^^-'T*r2-yj)n£^ as the support 
of every j,(t) is. 

Finally, we underline that, according to our construction, A^p{t) can be written as follows: 
(72) 

A^{t) := {A^~\v)Q,,)o9' + Y(X-UMQ,,)r0 9'+YT. f {"'^p-'^^^^* ~ ^s'ip))^^- 

r=l q=l 1=0 •'^ 
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For the following, we need to know precisely on how many derivatives of ^ depends A^ . We 
analyse the three terms of the previous sum separately: 

• the first term is explicit and it depends linearly on 

• according to appendix IA.3.H the second term depends linearly on {0°' A-'pZ],)i<r<p,\a\<r', 

• according to corollarv lA.5| the third term depends linearly on (9"^p_g)i<q<j, |Q,|<2q and 
consequently, according to appendix IA.3.H it depends Hnearly on {d"' A^pZ].)i<r<p.\a\<2r ■ 

7.2. Estimates of the derivatives. The goal of the first part of this section is to prove the 
following lemma. 

Lemma 7.2. Let N be a fixed integer. Fix also two integers < p < N and m < 2(N — 
p + 1). Then, there exists a constant C{m,p) such that for all j > 1 and for all p in the set 

g'* {T*n^^ n • • • n g-(^'-i)''T*^i^J n 5^ 

VO < t < 77, \d"'A^{t,p)\ < C(m,p)j"+2p'+Vpff*+^^~^^''r+^^- 

If p is not in this set, the bound is trivially by construction. Here the constant C{m,p) depends 
only on m, p, the atlas we chose for the manifold and the size of the (^17)7. 

Once this lemma will be proved, we will check that it also tells us that the >l|,'s are in a nice 
class of symbols. 



7.2.1. Proof of lemma POl To make all the previous pseudodifferential arguments work, we will 
have to obtain estimates on the m-differential forms for each m < 2{N + 1 —p). If we have 

estimates on these derivatives, we will then check that all the asymptotic expansions given by the 
pseudodifferential theory are valid. To do these estimates, we will have to understand the number 
of derivatives that appear when we repeat the induction formula l(69|) . The spirit of this proof is 
the same as in |[5] (section 3.4) when they iterate the WKB expansion /C| logfi.| times. We define 
a vector with entries A^^ ^^(t, p) := d'^A^^it) (where 0<p<iVandO<TO<2(iV-|j+l)). 
Precisely, we order it by the following way, for < t < rj and p G T*M, 



= A^t,p) 



■{AldAl--- ,d^(^+^)Al 
A{,dA{,--- ,d^^A{, 



The induction formula (|72l) of the previous section can be rewritten under the following form 
(73) A^{t,p) = {Af\^)Q,^)og\p)+L^{t)(A^-\r^)){p), 

where L^t) acts linearly on A^pl^^ m)('^)' where q > 1 and m < 2q. We underline that this linear 
application depends on derivatives of g^ for < s < 77, on the choice of the coordinates and on 
the maps Qj. We would also like to have an expression for d'^Aj,(t) for m < 2{N + 1 — p). To do 
this, we start by writing that for an observable a, one has 

d'^iaog') :=^4.^a.0„,i(t,p), 

where 0mdit,p) sends {TpT*M)"' on {TgtpT*My. We can write the explicit form of 6'™,,„: 

Om,mit, p) := {dpg^)'^™' . 
Using these relations, we can rewrite the induction formula l(73|) as follows: 

A^(t) = {Mlit) + Miit) + Mi{t))A^-^{fj), 
where an exact expression of Mq is given by 

(mIA^-') it,p) :- Q^^ig'p) x A^-^ (77, 5V)-0m,m(i, p)- 
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In particular, Mq is a diagonal matrix. We will not give explicit expression for the two other 
matrices. We only need to know that the matrix M{(i) relates A^ ,„(i) to (A^^^ (77))i<m and that 
the matrix 'M.2{t) relates A^(t) to (A^~^ (?7))q<p. Iterating the induction formula, one then has: 

2 

A-'- it) := ('?)•■• 

From this expression, one can estimate how many terms contributes to the definition of A^^ . 
For instance, suppose that \{j' : Cj' = 2}| > p, the contribution of such a string of matrices to 
A^p m) ^ (using the nilpotence property) . We can also give an upper bound on the number 
of terms of type M^; in string of matrices that contributes to A^^^^. To do this, we underline 
that the action of a matrix of the type add a block equal to at the begining of every A* 
(as it is nilpotent). In particular, consider a given block A* of the form (0, • • • ,0, *) (where the 
{Iq — 2p'p) first terms are equal to 0). After the action of a series of (say h) and of Mq 
(in any order), we get a p-block of the form (0, • ■ • , 0, *), where the {Iq + — 2p'p) first terms 
are equal to 0. On the other hand, we know that, if A-' :— M2(r;)A^~^, then the term of order 
(p, m) depends only on (A^~^)q<p_i ,,<2(p_q)+m. So after the action of a matrix Mj, the p-block 
is still of the form (0, • • • ,0, *), where now only the (Iq + h — 2{p' + l)p) first terms are equal to 
0. By an immediate induction, we find that the contribution of a string of matrices to A^ „ is 
if |{/:ey = l}|-2p|{/:e,v =2}| >m. 

As a conclusion, the product of matrices that contributes to the expression of A^^ can only 
be non zero if |{/ : ej' — 2}\ < p and : = 1}| < m + 2p \{j' : ej' — 2}|. As a consequence, 
for large j, to be non zero, a string of matrices need to be made of at most [N + 1)^ matrices 
of the form (for e G {1,2}). Finally, we need to compute the number of string of matrices 
that contributes to a given A^^ ^^j. To do this, we consider the set of symbols {(ei, • • • , Cfe) : fc < 
m + 2p^, ej e {1, 2}}. For a given (ei, • ■ • , efc) in this set, the number of ways of putting these 
symbols in a string of length j is bounded by . Moreover, we know that there are at most 
2^ sequences of length k. These two remarks implies that the number of string of matrices that 
contributes to a given A-|p is bounded by Ym^=o^ (2^)'^, which is a 0((2j)™+^P^+^). 
Then, to estimate the norm of the derivatives oi A\ we should look how the different matrices act. 
First we study the action of the diagonal matrix. As < Q^- < 1, one has that, for < i < and 
for any p £ g^* (T*i}^^ n • • • fl g^^-'^^^T*ri^j) n £^ (otherwise the following quantity is clearly 
equal to 0), 

\MlAl^l^{t,p)\ < \d,gT\A^;l^{n,gHp))l 

We note that we can iterate this bound and find, for any j and j' in N, we have, for any < t < jj, 

\Mi+^' ■.■MiAl-l^.^it,p)\ < \d,g'+^'^r\Al~l^^{7^,g'+^'^ip))\. 

Now, using the fact that for every iteration, we consider a fixed interval of time [0, r]] and the fact 
that the set of observables {Qi)j^i is fixed, we get that there exists a constant C{m,p) such that, 
for e G {1,2}, 

sup ||M^A|-;„)(t)||L^ <Cim,p) max max ||A{-,i„,)|U». 

0<t<v rn'<m q<p ' 

The only thing we need to know is that the constant depends only on m, p, the manifold, -q, the 
coordinate maps and the partition. The difference with the action of the diagonal matrix is that 
we have constant prefactor that can accumulate and become large (without any precise control on 
it). 

These different observations allow us to prove lemma 17.21 In fact, by construction, the total 
number of derivatives of 5* that appears in the definition of A^^ [t) is bounded by m + 2p. 
Moreover, a given string M^^. (t)M^~_^^ (77) ■ • ■M^2(r/) is made of long string only made of matri- 
ces of the form Mq(?7) and of short strings of matrices of the form M*(?7) (where e G {1,2}). 
We know that only the long strings made of Mg(?7) will contribute to a given Al At) and 
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as we know that the number of derivatives involved is bounded by m + 2p, we have, for any 



<C"(p,m)|rfp5*+(^"-i)''|"+2P||Ai 



(m^,^. {t)Mi;_\ (,7) . . . M^^ {r,)A' iv)) (p) 

Finally, the number of matrices that contributes to the {p, m)-term of the vector is bounded 
by 0((2j)"+2p'+i). It gives that, for any p G 5"* {T*^-^^ n • • • n g-^^-'^^'^T*n.^,) n 5^ 

7.2.2. Class of symbol of each term of the expansion. Using the previous lemma, we want to show 
that A^it) is an element of S-'^'^p". Let p be an element of g'* (t*^^^ n • ■ • n g~'-^-^^'^T*fl^,^ n 
£^ . Using the fact that is of dimension 1, we get that for any positive t, \dpg^\ < J'"'*(p)~^, 
where J"'*(p) det ('^5^*"(gtp)) ■ Then we can write the multiplicativity of the determinant and 

jn,t+U-i)v(^p) = J"'*(p) J"^''(gV)'/"'''(ff*+"p) • • • J"'''(5*+'-'"'^». 

Remark. Before continuing the estimate, let us underline some property of the Jacobian. Suppose 
is a positive integer and l/rj also (large enough to be in our setting). We have, for all < /c < 

1/77-1, 

r{g^'^p)r{g^+^''p) ■ ■ ■ J"(5^-i+'=» = J"'''(.g'=V)^'''''(.9^''"^^^V) ' ' ' J"'''(5^+^''"^^», 

where J"{p) is the unstable Jacobian in time 1 that appears in the main theorem 11.21 We make 
the product over k of all these equalities and we get 

J^p^J^ig^pr ■ ■ ■ r{g^-yV < C{v)r'^{gp)r'^{g'+^p) ■ ■ ■ J"^''(/-V), 
where C(77) only depends on 77 and does not depend on S. 



Finally, using previous remark and inequality l|T9|) . the following estimate holds, for p in 

g-* {T*n^^ n • • • n g-(J-i)''T*i7^J n £'>: 

with C(?7) independent of j. Then, one has 

i-i t'-i 
where t{j) — '^j^q f{'Jj+i,'yj). As t{'-f) < n£;(fi,)/2, this last quantity is bounded by h~ ' (as 

l{'-f)aor] < nE{K)/2). Using lemma Fr2l we want to estimate the m derivatives of the symbol A^. 

According to the previous paragraph, they can be estimated up to order 2{N + 1 — p). To get a 

control on an arbitrary order to, we can fix a large N such that to < 2{N — N) and use the result 

of the previous section for this N . Finally, we have, for p < A^, m e N and < t < 77, 

(74) \(rAi,{t,x)\ < (5(771, p);i(™+2p)(t^-2'). 

Here appears the fact that we only apply the backward quantum evolution for times I (we also 
used the fact that j — 0(1 log?i|)). In fact, as we want our symbols to be in the class S~°°'-, 
we need derivatives to lose at most a factor h~-^/^ (this would have not been the case if we had 
considered times of size nE{fi) instead of size nE{K)/2.). The previous estimate (f74| is uniform for 
all the 7 in the allowed set of theorem 17.11 

Finally, to summarize this section, we can write the following proposition: 

Proposition 7.3. Let p and m be elements o/N. There exists C{m,p, {Qi)i,vi) (depending on m, 
P; {Qi)iLi o-nd the coordinate charts) such that for all 7 — (70, • • ■ , 7O such that 
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for alio < j <l and for allO <t < rj, 

Then, as the A^p are compactly supported, A^^ is in class 3^°°''^^'^ , where v 



l-£'+4£ 



So, our formal construction allows us to define a family of symbol and each of them belongs to 
^-oo.pe Moreover the constants implied in the bounds of the derivatives are uniform with respect 
to the allowed sequences. We underline that the same proof would show that the intermediate 
symbols J^^ l(7T|) are also in the same class of symbols. 

7.3. Estimate of the remainder terms. We are now able to conclude the proof of theorem 17. II 
starting from the family we have just constructed. We have to verify that the remainder is of 

N 

small order in fi. Fix a large integer N and denote A? (r\) := W A^^ij]). We want to estimate 



p=0 



|Op,(Q^J • • ■ Op,,(Q^^)(-(j - 1)7,) - Op,(A^(r7))(-jr7)||^(i.(M)). 
Using the induction formula (|69| . we write 

R'j, < \\U-^Opf,iA^-\v))Op,XQ-f,)U^ - Op,XA'm\c(LHM))+K-\ 

wherei?^"^ = \\Opf,{Qj,) ■ ■ ■ Opti{Qy,-i){-{.i - '2)v) - OprM^^\v))\\c{LHM))- We start by giving 
an estimate on the first term of the previous upper bound. To do this, we first give a bound on 



Using the expansion of A-' "^(77) and A' , this can rewritten 



l£(L2(Af)). 



N 



p=0 



Op;.(A^p-^(77))Op,(Q^,) - ^''OVH{i.A^iHMQ^,)r) 



r=0 



Then, we can use section [A. 3. II and the estimates l(79|) . to bound each term of the previous sum 
as follows: 

N-p 

0p,(A^-^(7?))0p;,(Q^,) - h^Opr^{{K~^UIQ^.)r) 



r=0 



< C^pft(^+l-P)(l-)-2P-(C+C').^, 



£(L2(Af)) 



In particular, we find that ^^'"p^^ = 0^(-^(A'+i)(i-2^)-(c+c')>') (as < 1/2). We have now to 

|0pr(AJ (7])) - t/"''0pr,(3^)?7''||c(L2(M)). We will now use results on 



Egorovj' 

AT 



give a bound on R 

Egorov theorem from section [A. 3. 21 to get this bound. First, we write the expansion of A'' to get 



N 

^Egorovj < ^ ftp 
p=0 



N-p 



r=0 



£(L2(M)) 



According to the rules for Egorov expansion from section IA.3.21 (see estimates i(82|) ) and as we 

know the class A^ from the last remark of the previous section, we find that each term of the 
previous sum can be bounded as follows: 

N-p 



r=0 



< CN,ph^^^'^'^'-''^'^'"'-'"'. 



C{LHM)) 



'3 _ 
N — 



This implies that ii^^orovj ^ q^^^[n+i){i-2u)-Du-^ ^^s v < 1/2). Finally, it tells us that R 
R^N^ + 07v(/i^^+^^(^"^''^"'°'''), for some fixed integer D' . By induction on j, we find that 
||Op,(Q^J • ■ • Op,(g,,)(-(j - 1)??) - Op,(A^"(r;))(-jr;)||^(^,(,,j^ = O^0-n(^+i)(i-2-)-^'''). 

As j — 0{\ log?i|) and as < 1/2, we find that, for large N , the remainder tends to as ?i tends 
to 0. This concludes the proof of theorem mi □ 
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Appendix A. Pseudodifferential calculus on a manifold 

In this appendix, a few facts about pseudodifferential calculus on a manifold and the sharp 
energy cutoff used in this paper are recalled. Even if most of this setting can be found in [5j, it is 
recalled because it is extensively used in section [Ol and [7l The results from the two first sections 
of this appendix can be found in more details in [34] or [5] . The results of the last section of this 
appendix are the extension to the case of a manifold of standard results from semiclassical analysis 
that can be found either in [9|, [13j or |17j . 

A.l. Pseudodifferential calculus on a manifold. We start this appendix by recalling some 
facts of ft-pseudodifferential calculus that can be found in [13] (or in [E]). Recall that we define 
on R^*^ the following class of symbols: 

Sm,k^^2d^ := {an{x,0 e C°^{R^" x (0,1]) : \d^d^an\ < } . 

Let M be a smooth Riemannian d-manifold without boundary. Consider a smooth atlas {fi,Vi) 
of M, where each /; is a smooth diffeomorphism from V/ C M to a bounded open set Wi C M''. 
To each fi correspond a pull back /;* : C°°{Wi) C°°{Vi) and a canonical map /; from T*Vi to 
T*Wi: 

Consider now a smooth locally finite partition of identity (0;) adapted to the previous atlas (//, V;). 
That means J^i'f'i — ^ (j>i G C°°{Vi). Then, any observable a in C°°{T*M) can be decomposed 
as follows: a = J^i^h where a/ = a(/);. Each ai belongs to C°°{T*Vi) and can be pushed to a 
function a; — {f[~^)*ai £ C°°{T*Wi). As in [13], define the class of symbols of order m and index 
k 

(75) 5'"''=(T*Af) :- {an E C^{T*M x (0, 1]) : Id^^an] < } - 

Then, for a e S"^'''{T*M) and for each I, one can associate to the symbol di G S""''^(R2'*) the 
standard Weyl quantization 

where u G iS(M'*), the Schwartz class. Consider now a smooth cutoff ipi G C^{Vi) such that ipi = 1 
close to the support of <^i. A quantization of a G 5™''= is then defined in the following way: 

(76) Opnia){u) := ^ X (/rOp5^(aO(/r^)*) {^i x u) , 

I 

where u G C°°{M). This quantization procedure Op^ sends (modulo 0{h°°)) S'^'^{T*M) onto the 
space of pseudodifferential operators of order m and of index k, denoted \E'™''''(M) jl3j. It can be 
shown that the dependence in the cutoffs (fn and i/'; only appears at order 2 in ft (using for instance 
theorem 18.1.17 in f24]) and the principal symbol map ctq : *"''=(M) ^ 5"''=/S""''=-i(r*M) 
is then intrinsically defined. Most of the rules (for example the composition of operators, the 
Egorov and Calderon-Vaillancourt theorems) that holds in the case of R2rf still holds in the case 
of ^''"''^(M). Because our study concerns behavior of quantum evolution for logarithmic times in 
h, a larger class of symbols should be introduced as in ||13j, for < < 1/2, 

(77) S'™''=(T*Af) := {^a^ G C°°(T*M x (0,1]) : \d^d^an\ < C„,0ft-''-'^l"+^l (0"'"'' } • 

Results of [13] can be applied to this new class of symbols. For example, a symbol of 5°'° gives a 
bounded operator on L^(M) (with norm uniformly bounded with respect to h). 
As was explained, one needs to quantize the sharp energy cutoff x*^'^ (see section [5".3.ip to get sharp 
bounds in 15.61 As x^°-' localize in a strip of size h}~^" with Sq close to 0, the m-th derivatives 
transversally to £ grows Hke fi"^(^°~^\ As Sq is close to 0, does not belongs to the previous 
class of symbols that allows < 1/2. However, as the variations only appears in one direction, 
it is possible to define a new pseudodifferential calculus for these symbols. The procedure taken 
from [21] is briefiy recalled in [5j (section 5) and introduces a class of anisotropic symbols S^^/^ 
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(where E :— S*M and f' < 1) for which a quantization procedure Opg^/ can be defined. In the 
next section, we recall briefly a few results about the quantization Op^ of the symbol x^ -*. 

A. 2. Energy cutoff. Let x^ -' be as in section [5.3.11 Consider (5o > and Ksg associated to it 
(see section [5.3.ip . Taking v' = 1 — Sq, it can be checked that the cutoffs deflned in section [5.3.11 
belongs to the class S'^^,'^ defined in [5j. A pseudodifferential operator corresponding to it can 
be defined following the nonstandard procedure mentioned above. Using results from [5] (section 
5), one has IjOp^ ,^/(x'"^)|| = 1 + 0{K' 1"^) for all n < Ks^] log?i|. For simplicity of notations, in 
the paper Op(x'-"-') := Opg.jy' (x'"'')- In [5J) it is also proved that 

Proposition A.l. [5J For h small enough and any n G N such that < n < Ks„ \ logh\ and for 
any ij^n — —fi^^iph eigenstate, one has 

Un-Op{x^--^)M = o{n^)\\M- 

Moreover for any sequence a and (3 of length n less than Ks„ \ logfi.|, one has 

\{l-Op (x^"))) r^Op (x^"') II - 0{h^) II (l - Op (x*"))) 7:p Op (x^^^) || - Oih^) 

where t and tt are given by 1123]) and (2^. 

This proposition tells that the quantization of this energy cutoff exactly have the expected 
property, meaning that it preserves the eigenfunction of the Laplacian. So, in the paper, introduc- 
ing the energy cutoff Op(x^"-') does not change the semiclassical limit. Moreover this proposition 
implies the following corollary that allows to apply theorem 12.11 in section 15.3.21 

Corollary A. 2. [5] For any fixed L > 0, there exists such that for any h < Hl, any n < 

Kso\logh\ and any sequence (3 of length n, the Laplacian eigenstate verify 



1 - 



Op(x^''^))np^H\<h'^Un\\ 



A last property of the quantization of this cutoff that we can quote from [5J (remark 2.4) 
is that we can restrict ourselves to study observables carried in a thin neighborhood around 

S*M = H-^{l/2): 

Proposition A. 3. [5] For h small enough and any n G N such that < n < Kg^l logfi.|/2, one 
has: 

V|7| = n, ||r^Op(x(")) -r/Op(x^"))|i - 

where P^. — Opii{P-y-f), f is a smooth compactly supported function in a thin neighborhood of £ 
andrf J p/_^ ((n - l)r;) • • • P/ . 

A. 3. ft-expansion for pseudodifferential operators on a manifold. The goal of this last 
section is to explain how the usual ?i-expansion of order N for composition of pseudodifferential 
operators and Egorov theorem can be extended in the case of pseudodifferential calculus on a 
manifold. The ft-expansion will depend on the partition of identity in section [A. II In fact, on a 
manifold, the formulas for the terms of order larger than 1 on the ft-expansion will depend on the 
local coordinates. For simplicity and as it is the case of all the symbols we consider (thanks to the 
energy cutoff: for example, see proposition I A. 3^ . we now restrict ourselves to symbols supported 
in = H-^{[l/2 -0,1/2 + 0]). The symbols are now elements of S-°°^°{T*M). 

A. 3.1. Composition of pseudodifferential operators on a manifold. First, recall that the usual semi- 
classical theory on R'' (see [13j or appendix of [9j) tells that the composition of two elements Op^(a) 
and Op^(&) in ^'^°°''=(R'^) is still in •^-°°''^{R'i) and that the essential support of its symbol is 
included in supp(a) fl supp(&). More precisely, it says that Op^(a) o Op^(6) = Op^(ajJ6), where 
a^b is in S~°°'^ and its asymptotic expansion in power of h is given by the Moyal product 

(78) aH5(a;,0 -^I]^ f Y'^(^.,^«,^y,A,)j a{x,my,v)\ 



38 



G. RIVIERE 



where uj is the standard symplectic form. Outhne that it is clear that each element of the sum is 
supported in supp(a) nsupp(6). As quantization on a manifold is constructed from quantization on 
M^'* (see definition l(76|) ). one can prove an analogue of this asymptotic expansion in the case of a 
manifold M (except that it will not be intrinsically defined) . Precisely, let a and h be two symbols 
in S'~°°'°(T*M). For a choice of quantization Op;j (that depends on the coordinates maps), one 
has Op^(a) o Op^(6) is a pseudodifferential operator in ^'~°°'''(M). Its symbol (mod 0{h°^)) is 
denoted a%M^ and its asymptotic expansion is of the following form: 

(4m 6-^ftP(attM6)p. 

p>0 

In the previous asymptotic expansion, {a%M^)p is a Hnear combination (that depends on the 
cutoffs and the local coordinates) of elements of the form d^ad'' b with I7I < p and |7'| <p. As a 
consequence, (ajiAf6)p is an element of S'~°°'^p''(T*M). 

Remark. We know that we have an asymptotic expansion so by definition and using Calderon- 
Vaillancourt theorem, we know that each remainder is bounded in norm by a constant which is 
a small power of h (in fact Cft(^+i)(i-2i.) for the remainder of order TV). In our analysis, we 
need to know precisely how these bounds depend on a and b as we have to make large product 
of pseudodifferential operators (see section [7]) and to use the composition formula to get Egorov 
theorem (see next section). The following lines explain how the remainder in the asymptotic 
expansion in powers of H is bounded by the derivatives of a and b. 

In the appendix of 0, they defined the remainder of the order N expansion, in the case of M^'', 

N 

h'^+^RN+i{a, b, h) ajjfo - ^ hP{a^h)p 

and, using a stationary phase argument, they get the following estimates on the remainder, for all 
7 and all N, 

\d2RN+i{a,b,z,h)\<pdK^+^''\Nl)-'snp\dt''^+^a{u + z)\\di^'''^+''b^ 

(*) 

where (*) means 

u,ve R'^'^ X M^'^, 1^1 + |z/| < 4d+ I7I, |(a,/?)| = N + 1, a,/? e N"*. 

Applying Calderon-Vailancourt theorem (see |i3]-theorem 7.11), one knows that there exist a 
constant C and a constant D (depending only on d), such that for a symbol a in 5'g2d(l): 

l|Op^(a)||L^ <C sup n^||a"a|U. 

\a\<D 

Combining this result with the previous estimates on the i?'^'*'^^ one finds that 

(79) \\0p^iRN+i{a,b,z,h))\\L2<Cid,N)snph^\\d''+^'a\U\d^+'''b\U 

(*) 

where (*) means 

|a| < C, \f3\<N+l, I7I < iV + 1 and \(3'\ + \y\ < C + |a|. 

The constants C and C" depend only on the dimension d. The same kind of estimates holds on the 
remainder in the asymptotic expansion for change of variables. As the asymptotic expansion for 
composition of pseudodifferential operators is obtained from the composition and variable change 
rules on M^'' [24] (theorem 18.1.17; see also [l^-chapter 8), the previous estimates l(79|) hold for 
semiclassical analysis on a manifold. 
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A. 3. 2. Egorov expansion on a manifold. In this section, we want to recall how we prove an Egorov 
property with an expansion of any order. We follow the proof from [9j. First, for the order term, 
we write the following exact expression for a symbol a in S'~°°'°(r*Af), 



(80) C/-*Ops(a)t/* - Opn{a{t)) = h / U-^R'^^\t - s))C/"ds, 



Op,({ff,a(t)}) 



where a(t) := a o g*, H{p) = -^^^ is the Hamiltonian and 



2 



According to the rules of pseudodifferential calculus described in the previous section, we know 
that there exists some constants such that 

\\R^'\t~s)\\cimM))<C{M,l) sup S^||a^(a(s))||oo, 

0<s<t,\a\<D,\[3\<l+D+\a\ 

where D depends only on the dimension of the manifold and C{M, 1) depnds on the choice of 
coordinates on the manifold. We proceed then by induction to recover the terms of higher order. 
For these higher order terms, we will see terms depending on the local coordinates appear in the 
expansion and we will obtain expressions as in [9] for the higher order terms of the expansion that 
will be different from the case of M'' [9]. However, we do not need to have an exact expression 
for each term of the expansion: we only need to know on how many derivatives the order p term 
depends and how the remainder can be bounded at each step. To obtain, the h formal term 
of the Egorov expansion, we first outline that i?^^^ {t — s) is a pseudodifferential operator whose 
asymptotic expansion is given by the composition rules on a manifold (see previous section) . One 
can compute its principal symbol and verify that it is a linear combination (depending on the 
manifold and on the choice of coordinates) of derivatives of a o g'^" :— ao{t — s) of order at most 
2. We denote {iJ, ao(t — s)}^'"-* its principal symbol. Then, we can apply the same procedure as 
in equation (|80| to get the exact expression 

Op^(a)(t) = Opf,{a'^^\t)) + [ U-'R^'^\t - s)U'ds. 

Jo 

where 







We denote the previous formula in a more compact way 

a^^^t) := ao{t) + hai{t), 

nt 

where ai{t, p) := / {H,ao{t - s)}iY^ {g'ip))ds. As was mentioned, this generalized 'bracket' is 

a linear combination depending on the devivatives of order at most 2 of at^s (it also depends on 
H, M and the choice of the quantization procedure). The operator norm of the remainder R^^^ 
is, once more, controlled by the derivatives of ao{t) and ai(t). Precisely, one has 

WR^^HmciLHM)) < C{M,2)suph^\\d'' {a,{s))\\oo, 

(*) 

where C{M, 2) depends on the manifold M (and on the choice of the quantization procedure) and 
(*) means 

j < 1, < s < t, |a| < L», \f3\<2-j + D+ \a\. 

Suppose the terms of order less than p, i.e. ao{t), ap_i(i), are constructed. Then, we want to 
construct the term of order p. There will be several contributions. First, we write that the symbol 
(up to 0{h°°) of R^^'>{t — s) has an asymptotic expansion where the term of order p — I depends 
on at most p+1 derivatives of ao{t — s). We can apply (|80l) to this term of order p—1 and it will 
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provide a symbol in Su P+(p+i)'^^y*^^') thaX we denote hP{H,aQ(t — s)}'^^'^). Using the same 
procedure for every aj (where j < p — 1), we can show finally that for any order iV, 

Opn(a)(^) - Opn{a-'-''Ht)) + /* C/'^i?(^+i'(i - s)U'ds. 

Jo 

In the previous formula, a'-^^t) is defined as follows: 

N 

a^^\t) ■= hPapit) where ao{t) := a o 



and for I < p < N , 



p=0 

p-i 



j=o^" 



where {., ■j^'"''' is a generalized 'bracket' of order depending on the local coordinates on the 

manifold (it is the analogue of formula given by theorem 1.2 in p]). We do not need to have an 
exact expression for these brackets: we only need to know on how many derivatives it depends. 
From the previous section, we know how the order p term in the expansion of aj^Mb depends 
linearly on products of the p derivatives of a and b. The term {H,ao{t — s)}(P'°^ comes from the 
order p — 1 term of the asymptotic expansion of the symbol of R'^^^t — s). According to the rules 
of composition of pseudodifferential operators on a manifold, it is a Hnear combination (depending 
on H and the choice of coordinates) of derivatives of a of order at most p + 1. More generally, 
{H, Uj (t — s) l^'"''' is a linear combination of derivatives of aj (t) of order at most p+1— j. For the 
remainder term iJ^^"*"^^ (s) of order N, using the formulas for the composition of pseudodifferential 
operators, one can control it by the derivatives of the lower terms of the expansion. The previous 
discussion can be summarized in the following proposition: 

Proposition A. 4 (Egorov expansion on a manifold). Let a be a symbol in S~°°''^{T* M) . One 
has the exact expression for every N > 0, 

(81) Opn{a){t) = Opnia'^'^\t)) + h^+^ f U~'R^^+^\t - s)U'ds. 







In the previous formula, one has 



N 



and for 1 < p < N , 



a'-^^t) := hPap{t) where ao(i) := a o 

p=0 

ap{t,p) ■.= Y f {H,a,{t-s)}^lf^ {g%p))ds. 



For each < j < p — 1, {H,aj{t — s)}jj^'-''' is a linear combination of derivatives of aj(t — s) of 
order at most p + 1 — j that depends on the choice of coordinates on the manifold. Finally, the 
norm o/i?'^+^^(<) satisfies the following bound: 

(82) \\R^''+^\t))\\L2 <C{M,N)snvh^\\d^ {ap{s))\\oo. 

(*) 

where C{M,N) depends on N and on the manifold M (also on the choice of coordinates) and 
where {*) means: 

p<N, <s <t, \a\< D, \(3\<N + l- p + D+ \a\. 
The constant D depends only on the dimension of the manifold. 

Remark. Theorem 1.2 in [9j gives an exact expression of each term of this exact expansion in 
the case of M.'^'^. We also mention that if a is in the class S~°°''^{T*M), then each term of the 
expansion Oj, is in the class S~°°''^p^ . 
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Finally, we underline that, by an induction argument, one can derive the following corollary: 

Corollary A. 5. Using the notations of proposition \A.^ one has that every ap{t) depends linearly 
on the derivatives of order at most 2p of a. 
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